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Preface

This textbook, Counting Rocks!, is the written component of an interactive introduction to combinatorics at
the undergraduate level. Throughout the text, we link to videos where we describe the material and provide
examples; see the YouTube playlist on the Colorado State University (CSU) Mathematics YouTube channel.
(This is an updated version of the old playlist at this link.)

The major topics in this text are counting problems (Chapters 1-4), proof techniques (Chapter 5), re-
currence relations and generating functions (Chapters 6-7), and graph theory (Chapters 8-12). The material
and the problems we include are standard for an undergraduate combinatorics course. In this text, one of
our goals was to describe the mathematical structures underlying problems in combinatorics. For example,
we separate the description of sequences, permutations, sets and multisets in Chapter 3.

In addition to the videos, we would like to highlight some other features of this book. Most chapters
contain an investigation section, where students are led through a series of deeper problems on a topic. In
several sections, we show students how to use the free online computing software SAGE in order to solve
problems; this is especially useful for the problems on recurrence relations. We have included many helpful
gures throughout the text, and we end each chapter (and many of the sections) with a list of exercises of
varying di culty.

Development of this textbook

For several years, faculty taught Math 301, Introduction to Combinatorics, at Colorado State University using
the textbook Discrete Mathematics: Elementary and Beyondby laszb Lowasz, bzsef Pelikan, and Katalin
Vesztergombi. We found this book very inspiring, but we needed to supplement it with notes on certain
topics. In 2019, Adams wrote an extensive set of lecture notes for the course, based on the aforementioned
book. In 2020, Gillespie and Pries decided that their students needed an interactive textbook on the material
covered in the CSU 301 combinatorics course in order to learn remotely during the COVID-19 pandemic.

This inspired the creation of an accessible, free online textbook along with short accompanying lecture
videos. Adams, Gillespie, and Pries applied for an Open Educational Resources (OER) grant at CSU to
help with the creation of the materials. The math department at CSU also provided some funding. These
resources also funded graduate student co-authors Kelly Emmrich and Shannon Golden. Our titl&Counting
Rocks: An Introduction to Combinatorics, is in part an homage to the Rocky Mountains, near which we
love to work. Some of our examples involve counting actual rocks. It is possible that we may update this
textbook or create more videos, as future versions of the course are taught.

There are many textbooks written about undergraduate combinatorics, each with its own positive at-
tributes. This book and videos helped our students and we would like to share them with anyone else who
nds them useful.

How to use the textbook

For a one-semester course at Colorado State University, our instructors have chosen to do either Chapters 1{
11, or alternatively Chapters 1{6 & 8{12. For a one-quarter course, we might suggest Chapters 1{7, or
alternatively Chapters 1{6 & 8.



A table of chapter dependencies is drawn below. The dependency of Chapter 11 on Chapter 9 is weak,
using trees only in the proof of Euler's Theorem for planar graphs (Theorem 11.2.7). Similarly, the depen-
dency of Chapter 12 on Chapter 11 is weak, using planar graphs only in Section 12.7 on the Four Color
Theorem. So, Chapter 11 could follow after 8 without other prerequisites, and similarly Chapter 12 could
follow immediately after 8 without other prerequisites.
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Chapter 1

What I1s combinatorics?

Combinatorics is the mathematical study of discrete mathematical objects and their combinations and
arrangements. Other kinds of mathematics (like calculus and analysis) useontinuous mathematical objects,
which involve in nitesimally small increments. By contrast, discrete mathematics is the study of objects
that come in larger chunks, such as whole numbers, polygons, and networks.

If you have ever asked \I wonder how many di erent ways | could ...?", then you have thought about
combinatorics. For example, if there are 10 classes you are interested in taking this semester, and you
want to enroll in either 3 or 4 of them, then there might be over 300 di erent schedules you could choose
from, depending on how many of the classes meet at con icting times. How do you count the number of
possibilities, without listing them all by hand? Alternatively, how do you write a computer program to list
all of the possible schedules? Both of these approaches | either nding a clever way to count or constructing
a computer algorithm to do the work for you | rely heavily on the ideas and language of combinatorics and
discrete mathematics.

The history of combinatorics began in ancient times, in places such as Egypt, India, China, and Iran.
The work of scholars in ancient times led to the development of counting techinques during 1300-1700 by
individuals such as Fibonacci, Pascal, Leibniz, and De Moivre. In the 1700s and 1800s, mathematicians like
Euler and Cayley developed the study of graph theory.

The computer revolution greatly ampli ed the importance of combinatorics and graph theory. The most
obvious connections between this class and computer science involve networks and organization of data
structures. There are also applications of this class to other elds, like linguistics, physics, chemistry, and
biology. In general, from this class, you will gain experience solving problems about combinatorial structures
and algorithms; we hope you will continue to use the experience and ideas you gain from this class for the
bene t of many other people.

Here are some of the ideas we will study this semester.

1.1 Introducing combinatorics with a handshake

Suppose ve students walk into their combinatorics class and each shakes hands with all the others. How
many handshakes took place?

There are several ways to approach this problem. One way is to reason that, because 5 students each
shake 4 hands, and each handshake involves 2 students, we counted%b= 20 handshakes but counted each
handshake twice. So exactly 10 handshakes took place.

Another way to see this is to call the studentsa, b, ¢, d, e, and directly count the handshakes as follows.
Student a shakes hands with 4 others, then student shakes hands with 3 others besidea, then student c
shakes 2 more hands besidesand b, then student d shakes 1 more hand (withe), and nally student e does
not need to shake any more hands. So the total number of handshakes is 1 +2 +3+4 = 10.

Finally, we can visually model this problem by drawing a dot to represent each student, and a line
segment connecting each pair of dots to represent the handshakes:

9



With this visual tool, called a graph, we can count that there are 10 line segments (the handshakes)
between the labeled dots (the students). The graph above is called 5, the \complete graph on 5 vertices."
The dots representing the students are calledvertices of the graph, and line segments between the vertices
are callededges The intersection points of the line segments which are not labeled should be ignored; they
are not vertices. We say the graph iscomplete because every two vertices are connected by an edge.

In this class, Introduction to Combinatorics, we will learn about counting problems, mathematical proofs,
generating functions, and graph theory. Here are some examples of questions that we will answer. These
guestions will become more complicated when we later increase the number of students beyond 5.
Chapters 2{4: Basic counting, sets, and binomial coe cients.

1. How many ways can the 5 students in the class line up?
2. How many ways can 3 students be chosen for a project from the class of 5 students?

3. If each studenta, b, ¢, d, and e receives either 0 or 1 point for the quiz, how many sequences of ve
numbers are possible as the list of their grades?

Chapters 5{7: Counting techniques using more theory, including bijections, recurrence rela-
tions, and generating functions.

1. Counting Rocks! How many ways can 10 rocks be distributed among the students?

2. How many problems on the group worksheet will be solved if the rst student does one problem, each
other student does twice as many as the previous, and no problems are solved twice?

3. How many ways can a student make change for one dollar?

Chapters 8{10: Graph theory and optimization.

1. If student a has important news about the class, how many phone calls are needed to share it with the
other students?

2. How many cables are needed to connect the 40 buildings on campus with ber optic internet?

3. Without lifting your pencil from the page, can you trace your pencil along the edges of the graphK s
so that each edge is drawn exactly once?

Chapters 11{12: Combinatorial geometry, including planar graphs and coloring problems.
1. Is it possible to redraw the edges of the grapiK 5 on the page so that they do not intersect?

2. On a piece of paper, 4 of the students draw a line. What is the largest number of regions the paper
can be divided into? What about for 5 students?

10



3. Is it possible to color the regions in the previous problem with 3 colors so that any two regions sharing
a boundary edge have di erent colors? What about 2 colors?

Exercises

Before getting started, let's discuss the questions above. At this stage, it is more important to develop good
communication patterns with your classmates than to answer the problems. A group works best if everyone
speaks for about the same amount of time and if questions are valued as much as answers. Make sure that
everyone in your group feels comfortable sharing their ideas and understands the material being discussed.

For each problem that your group can solve, write down an explanation of your answer and your thought
process. For each problem that your group cannot solve: decide if the question is clear or ambiguous; decide
if all the information needed to solve the problem is provided; and provide some ideas or a strategy for
solving the problem.

1. Introduce yourself to your group, including something about why you are taking this class, and some-
thing about your life outside of this class.

2. Try to solve the questions from Chapters 2-4.
3. Develop a strategy to approach the problems from Chapters 5-7.
4. Try to solve the problems from Chapters 8-10.

5. Generate ideas about the problems in Chapters 11-12.

1.2 Three classical counting formulas

Click on the icon at left or the link below for this section's short video lecture.

Three classical counting formulas

As an introduction to the techniques in this class, we now discuss three classical problems in mathematics
that can be solved easily with combinatorial methods.

1.2.1 Triangular numbers

We saw in the previous section that we could count the handshakes among 5 students by adding the numbers
1+2+3+4. For 101 students shaking hands, we can count the number of handshakes by adding the numbers
from 1 to 100. One of the rst signs of Gauss' strength in mathematics was in elementary school when he
quickly computed that

1+2+3+ +99 + 100 = 5050:

More generally,
Lemma 1.2.1. The sum of the rst n integers is

nn+1)

- (1.1)

1+2+ 1+ n=

One way to show this is by using a method of proof callednduction, which will be covered in Section 5.2.
Here, we prove this identity directly in two more straight forward ways.

1if you can already answer all these problems, for an arbitrary number of students, you will receive an automatic transfer
to the class on graduate combinatorics Math 501.

11



Proof. Method 1: This is an example of a proof by rearrangement. We can add the numbers in pairs,
starting with the rst and last, then the second and second-to-last, and so on:

(I+m+@+(n 1)+@+(n 2)+

Each pair sums ton + 1. If n is even, then there are pairs, with the last pair being 5 and 5 + 1. So the

total is the product of n + 1 (the sum of each pair) and & (the number of pairs) which equals i +1) 5. If

n is odd, then there are“21 pairs, and the entry “;1 is not included in a pair. So the total is

(n+1)n 1+n+1_n2 1+n+1_n2+n_
2 2 2 2 2

In either case, the total is

Method 2: This is an example of acombinatorial proof, in which we count something in two di erent
ways. In this example, the rst way will yield a count of 1+2+  + n, and the second way will yield a count of
1+ Since both are valid ways of counting the same object, we will have proven that 1+2+ +n = %
How might we do this?

Arrange n(n+ 1) rocks in a rectangular grid on the ground, with n rows andn+ 1 columns. In the lower
left half of the rectangle, paint the rocks blue, with 1 lled dot in the rst row, 2 in the second row, 3 in the
third row, up to n rocks in the nth row. The number of blue rocks is 1+2+  + n, which is the left hand
side of Equation 1.1. The rectangle has(n+1) rocks total and exactly half of them are blue. So the number

n(n+1)
-

of blue dots isn(n + 1) =2, which is the right hand side of Equation 1.1. Hence 1+2+ +n= "1
O
Due to the triangular nature of the picture above, the numbers
nin+1
7, = N0+D
are called triangular numbers. The rst several triangular numbers are 1;3;6;10; 15;:::. The number of

handshakes among + 1 people equalsT,.

1.2.2 Factorials and orderings

Suppose the ve students who walked into the class need to line up at the front desk to hand in their
homework. In how many di erent orders can they line up?

One way to solve this is to reason that there are 5 possibilities for the rst student in line. Regardless of
which student is rst, there are 4 possibilities for the next student. Then there are 3 choices for the third
student, then 2 choices for the fourth, and nally 1 choice for the last in line. So all together there are
5 4 3 2 1=120 possibilities.

This leads us to the important de nition of a factorial.

12



De nition 1.2.2. Dene 1!'=1, and if n> 1is an integer, thendenen!=n (n 1)!. We pronounce the
symbol n! as \n factorial."

For instance, 2! =2, 31 =6, 4! =24 and 5! =120. Forn 6, we can write
n=n(n 1) (n 2) 321

Factorials are a helpful starting point for many similar problems about arranging things in order. For
instance, if only three of the ve students line up at the front desk, then the number of di erent possible
line-ups is 5 4 3, which can be expressed as 8!,

Example 1.2.3. Suppose there are 47 students in a combinatorics class. If there are 47 labeled chairs, the
number of ways they can be seated is 47!. This is because there are 47 choices for which student is in chair
1, then 46 choices for which student is in chair 2, etc, until there are 2 choices for which student is in chair
46, and only 1 choice for which student is in chair 47.

1.2.3 Binomial coe cients and counting subsets

Binomial coe cients will play an important role throughout this class. They provide another example of
the importance of factorials in counting.

De nition 1.2.4. Let n be a positive integer. Letf1;:::;ng be the set of the smallestn positive integers.

The binomial coe cient | , pronounced \n choosek", is the number of ways to choosek elements from

f1,2;:::;ng.

Example 1.2.5. The binomial coe cient g is the number of ways to choose two numbers from the set

f1;:::;ng. Then [ = ”(”2 Y because there aren choices for the rst element andn 1 choices for the

second, and then we divide by 2 since the order of the two elements does not matter.

Lemma 1.2.6. The binomial coe cient has this formula:

n n! )
k ~ ki(n K

Proof. Method 1: There are n choices for the rst element, thenn 1 choices for the second, and so on,
until there are n  k + 1 choices for the kth element. These choices are independent, so the number of ways
to select thesek numbers is the product

nn 1) (n k+1)= (n”!k)!:

The same set ofk humbers can be chosen irk! di erent ways. We divide by k! since the order of choosing
the numbers does not matter.

Method 2: There are n! ways to line up the numbers inf1;2;:::;ng. We then choose the rst k
elements in line. We divide byk! because the order does not matter among the chosen numbers, and divide
by (n  k)! because the order does not matter among the numbers that are not chosen. O

Example 1.2.7. Suppose there are 47 students in a combinatorics class. If there are 50 labeled chairs, what
is the number of ways the 47 students can be seated?

. 50
Answer 1: ot 47!,

The reason is that there are 2‘7) ways to choose 47 chairs to use and, once we have chosen 47 chairs,

there are 47! ways to assign the students to chairs.

Answer 2: 32

13



To see this, add three ghost students to the class. There are 50! ways to assign the students and ghosts
to chairs. There are 3! ways to rearrange the 3 ghosts without changing the arrangement of the students.
We divide by 3! since we counted each arrangement of students 3! times.

Luckily, the two answers are the same because
50 50! _ 50!

A7V= 2 471=
47 471 3! 3!

Exercises
1. What is the sum of the numbers from 10 to 100? That is, what is 10+11+12+...+100?

2. Ten people walk into a room and everyone shakes hands with everyone else. How many handshakes
occurred?

3. Counting Rocks! You place 6 rocks in a row on the ground, then pile a row of 5 rocks on top of that,
and then 4 rocks on the next row, and so on until you place 1 rock at the top of the pile, forming a
triangular pile of rocks. How many rocks are in your pile?

4. Compute the sum 3+6+9+12+...+99.
5. How many ways can you rearrange the letters in the word EIGHT?

6. In a betting game, several players keep out-bidding each other. The rst player puts one chip into the
empty pot. The second puts two chips in, then the third puts three chips in, and so on. How many
players are needed to continue bidding in this fashion for the pot to contain at least 50 chips?

7. How many ways are there to choose 5 states to visit out of 50 states?

8. How many ways are there to rank the top 5 states out of 50 states that you would be most excited to
visit, in order from one through ve?

9. Counting Rocks! How many ways are there to give 4 identical rocks to 7 kids, so that no kid receives
more than one rock?

10. Verify that ) =

nt n(n 1)
2 2(n 2)!

oD and that "' equalsT,.

is indeed equal to 2

11. Let s, be the sum of the rst n odd integers, sos; =1 and s, =1+3=4.

(a) Find s3 and s4.
(b) Make a conjecture about the value ofs,.
(c) Try to prove your conjecture.

1.3 Introduction to graphs

Click on the icon at left or the link below for this section's short video lecture.

Graph Theory Intro

In Section 1.1, the graph of K5 helped us visualize the problem of 5 students shaking hands. More
generally, in Chapter 8, we will de ne K, to be the graph with n vertices, such that every pair of vertices
is connected by an edge. The number of edges i is 3 .

Graphs are useful for other problems too. For example, suppose the 5 students meet 3 employers at a
job fair. Each employer shakes the hand of each student. How many handshakes are there? Draw a graph to
help you visualize these handshakes, using a vertex to represent each person and an edge to represent each
handshake. This is an example of @ipartite graph; this kind of graph is useful when studying connections

between two di erent types of things, like students and employers, or students and classes.
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1.3.1 Walks on graphs

Here is the famous Kenigsberg bridge problem (now Kalingrad, Russia) | the drawing below has two islands
in the middle of the Pregel river, along with seven bridges connecting the islands and the river banks.

Question 1.3.1. Can you plan a walk that crosses each bridge exactly once?

Answer. In 1736, Euler proved it is impossible. Try to explain to your group why it is impossible.

Question 1.3.2. The graph above is called the graph of Kenigsberg. Without lifting your pencil from the
page, can you trace your pencil along the edges of the graph above so that each edge is drawn exactly once?

1.3.2 When are two graphs the same?

When drawing a graph, the position of the vertices and the edges does not matter. The only information that
is relevant in a graph is which pairs of vertices are connected. In fact, the following two pictures illustrate
the same graph.

Here are some ways to tell if two graphs are di erent:
1. The number of vertices for the two graphs is di erent.
2. The number of edges for the two graphs is di erent.

Question 1.3.3.

1. Find two graphs with the same number of vertices and the same number of edges which you are
convinced are still di erent.

2The last time Professor Pries taught this course, there were two students from Kalingrad in the class. They were very
excited to hear about this example and described how the bridges look to the class.
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2. Find another way of telling if two graphs are dierent. (There are many possible answers to this
guestion).

Question 1.3.4. Three of the following four graphs are the same, meaning that one of the following four
graphs is di erent from all of the others. Can you identify any two graphs which are the same? Can you
identify any two graphs that are di erent?

Exercises

The rst ve exercises are about the cube graph, drawn below.

1. How many vertices does the cube graph have?
2. How many edges does the cube graph have?

3. True or False: The graph of the cube igplanar , meaning it can be drawn on a piece of paper with no
edges crossing.

4. True or False: The graph of the cube ishipartite , meaning its vertices can be colored green and gold
so that vertices of the same color are not connected by an edge.

5. The degree of a vertex in a graph is the number of edges that are adjacent to that vertex. What is
the degree of each vertex in the cube graph?

6. Imagine a graph where the vertices represent apartment buildings and the edges represent streets. A
snow plow operator needs to plow each street, return home, and does not want to travel any more
distance than necessary.

(a) Find a way of removing edges from the graph of Kenigsberg to make the snow plow operator
happy.
(b) Find a way of adding edges to the graph of Kenigsberg to make the snow plow operator happy.

(c) Does the location of the plow operator's house make a di erence?

(d) In mathematical terms, describe what needs to be true about a graph for the snow plow operator
to be happy.
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7. Let the vertices of a graph represent apartment buildings and the edges represent streets. The mail
carrier needs to deliver mail to each apartment building, return home, and does not want to travel
along any more roads than necessary.

(a) Draw several graphs where the mail carrier is happy and several where the mail carrier is unhappy.
(b) Does the location of the mail carrier's house make a di erence?

(c) In mathematical terms, describe what needs to be true about a graph for the mail carrier to be
happy.

8. How is the graph of Kenigsberg related to the picture of the Kenigsberg bridge problem? How is
Question 1.3.2 related to Question 1.3.17?

9. Answer Question 1.3.3.

10. Answer Question 1.3.4.

1.4 Introduction to SAGE

Click on the icon at left or the link below for this section's short video lecture.

Introduction to SAGE

Earlier in this chapter, we introduced triangular numbers, factorials, and binomial coe cients. Later in
the book, we will introduce other famous numbers like the Fibonacci numbers and Catalan numbers. It is
often nice to have an exact formula for these numbers. The process of computing them on a calculator can
be slow and leads to small errors.

A faster and more powerful method is to work with computing software. In this course, we will work
with SAGE, a free on-line open-source program, based on python.

To get started with Sage: go to the website

http://sagecell.sagemath.org/

Try typing easy commands like 2+3 or factor(2021) and then evaluating.
For larger jobs or if you want to save your work, you can start a free CoCalc account at:

http://www.sagemath.org/

The sage reference manual is at:
http://doc.sagemath.org/html/en/reference/

A more advanced overview of using sage for combinatorics can be found at
https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/tutorial.html
Example 1.4.1. Which is bigger, & or 6!? One method is to compute:

sage: 3"6;
output 729
sage: factorial(6);
output 720

Another method is to write:

17



sage: 3"6 - factorial(6) > O;
output: True

Example 1.4.2. For which values ofk, is the binomial coe cient " bigger than 100? A slow method

is to compute 1k1 foreach 0 k 11, and see if the answer is bigger than 100. Another method is to
compute them all at once:

sage: [binomial(11, k) for k in range(12)]
output: [1, 11, 55, 165, 330, 462, 462, 330, 165, 55, 11, 1]

Note that the command range(m) includes all integers 0 k m 1. From this we see that 1k1 > 100
when 3 k 8. Here is another method that gives the values ok as the output.

sage: [k for k in range(12) if binomial(11,k) >100]
output: [3, 4, 5, 6, 7, 8]

Exercises

Use Sage to answer the following questions.
1. Factor 2022.
2. Compute 4.

3. Counting Rocks! Jane has (4!)! rocks and Augusta has 4 rocks. Who has more rocks, Jane or
Augusta?
4. Compute the product of the smallest positive fty odd numbers (starting with 1).

13

5. What is the smallest value ofk for which <° is bigger than 10?

6. What is the smallest possible value oh + k for which | is bigger than 100?

1.5 Theorems, Lemmas, and Propositions... oh my!

Click on the icon at left or the link below for this section's short video lecture.

Types of mathematical facts

Throughout the book, we will be using the tags \Theorem", \Lemma", \Proposition", and \Corollary",
all to state various facts. What do these terms all mean?

~ A theorem in mathematics is a statement that is known to be true and has a rigorous proof (or several
known proofs).

Lemmas, propositions, and corollaries are all types of theorems as well, and simply have di erent uses in
mathematical exposition.

" A lemma is a fact that is proven before proving a big important theorem, because it will be used as
a tool in the main proof. Sometimes an important mathematical fact is called a lemma because it is
used to prove many di erent things.

Lemmas can also be thought of like subroutines in coding. For instance, if the base case of an induction
is rather complicated, it can be proven as a Lemma rst and then referred to in the main proof.

18



~ A proposition is a fact that is interesting on its own, is not just a tool to prove other theorems, but
is perhaps not quite as big or interesting as the theorem you're talking about in that section or paper,
and so you demote it to a Proposition. It is indeed all rather subjective.

~ A corollary is a fact that follows immediately from a Theorem that was just stated, perhaps with just
one or two lines of proof needed to explain why it follows.

There are other labels used frequently in mathematics as well, that do not refer to theorems or types of
facts with proofs.

~ A conjecture is a statement that mathematicians believe to be true but do not have a proof. For
instance, if you notice that the sum of the rst 5 odd numbers is %, and also that the sum of the
rst 6 odd numbers is 62, you might conjecture that the sum of the rst n odd numbers is alwaysn?.
But until you prove it (or someone else does | see Example 5.2.3), it is a conjecture, not a theorem.
Mathematicians have many conjectures that we don't know how to prove. One famous conjecture is
Goldbach's conjecture, which states that every even number larger than four is the sum of two prime
numbers.

A denition is a statement that describes what a term means in mathematics. Notice that de nitions
require no proof - they are just de nitions! Sometimes de nitions are also referred to asotation .

An example is an instance of a theorem in a special case, usually obtained by plugging in numbers
for the variables in the theorem or considering an application.

A remark is an observation whose proof is often clear or brief. Remarks after a theorem often add
some insight that might not be obvious from simply reading a theorem statement. Other times, a
remark may point to a stronger theorem which is known to be true, but whose proof is not given in
the current exposition.

Now you know how to read formal mathematics, and you are ready to read this book!
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Chapter 2

Counting principles

In this chapter, we establish some of the basic principles of counting. In Sections 2.2 - 2.4, we use the basic
arithmetic principles of addition, subtraction, multiplication, and division to count things more e ciently.

In Section 2.5, we begin to reinterpret counting problems using set theory and count the number of subsets
of a nite set. In Sections 2.6 - 2.9, we use set theory to describe the four basic arithmetic principles and
the inclusion-exclusion principle.

2.1 Motivation

Students a, b, ¢, and d* sat down in the library to start their combinatorics homework. They read the rst
problem that they were assigned.

Question 2.1.1. How many ways are there to choose 6 numbers from the sdtl;:::;20g so that at least
four of them are odd?

Student d watched asa, b, ¢ each worked on the problem for several minutes, using paper, calculators,
and tablets. Finally, student d said "Hey, | don't know how to get started with this.'

Student a: My thought is there are 10 odd numbers between 1 and 20. So there are 10 choices for the
rst odd number, 9 choices for the second, 8 choices for the third, and 7 choices for the fourth. The last
two numbers can be odd or even and there are 16 numbers left. So that gives 16 choices for the fth and 15
choices for the sixth. So the answer is

10 9 8 7 16 15=1,209600

Student b: You're forgetting that the order doesn't matter. So rst we need to choose four numbers out
of the 10 odd numbers, then we need to choose 2 out of the remaining 16 numbers. So the answer is

10 16 _ 10! 16!
== 2 =252
4 > = mel a0

Student c: | have a di erent way of doing it. There are 260 ways to choose six integers out of the 20,
but the probability that a number is odd is 1 =2. So the answer is

20 1 200 1

= —— — =2422:5:
6 24 61141 24 5

Wait, that's not an integer....
Student d: What if there are more than four odd numbers? Forget this, let's try the next question.

1To protect their privacy, students are identi ed by their rst initial in this book.
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Question 2.1.2. In a game of poker, you are dealt ve cards from a standard 52 card deck. How many
ways can you be dealt a full house?

Student c: I've never played cards. What is a full house?

Student a: It's a triple of the same number together with a pair of a di erent number. Like 6 of hearts,
6 of clubs, and 6 of diamonds, together with 3 of hearts and 3 of spades. So I'm thinking for the rst card,
we have 52 choices; no matter what number it is, to get a triple we need to choose two more out of the three
remaining cards of that number, and there are three ways to do that. Then there are 48 choices for the next
card; no matter what number it is, to get a pair we need to choose one more out of the three remaining
cards of that number, and there are three ways to do that. So the answer is:

52 3 48 3 =22464

Student b That's over counting again because it doesn't matter which card is dealt rst. Instead, let's
choose two numbers out of 13, then choose three suits for the rst number and then choose two suits for the
second number. So the answer is:

13 4 4 13 12

5 3 5 5 4 6=1872

Student d: On the web, it says that the probability of a full house is 0:001441 and there are 552 =
2;598 960 possible hands. If we multiply those together, then we get 37450136000000, so the answer is
probably 3745.

Student c: Maybe we need to read more of the book.

Exercises

1. Figure out something that student a said that was correct and something that was wrong.
Figure out something that student b said that was correct and something that was wrong.
Figure out something that student c said that was correct and something that was wrong.

Figure out something that student d said that was correct and something that was wrong.

Do you think the students are close to solving Question 2.1.1? What advice would you give them?

o a0  w D

Do you think the students are close to solving Question 2.1.2? What advice would you give them?

2.2 The addition and subtraction principles

Click on the icon at left or the link below for this section's short video lecture.

Addition, Subtraction, and Multiplication Principles

The rst way we learn to count is \by 1's," that is, add 1 to a running total for every item in a list. If
the number of things we are trying to count is nite, it is always possible to make a list of them and count
them one by one. However, this can take a very long time and it is easy to forget some things that should
be on the list, or to write some things twice. It speeds things up to use a computer to generate the list, but
even that can be slow if the list is very long.

One strategy is to split up the items into shorter lists. We can count the number on each shorter list
and then add those numbers together. For example, student E has climbed 5 tall mountains and 8 short
mountains so has climbed 5 + 8 = 13 mountains in total.

The more general principle is this:

21f you are not familiar with cards or poker, there is a lot of helpful information in Section 3.8.
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Addition Principle: The sum a+ b counts the total number of things in a collection formed
by adding a collection of b things to a collection of a things.

Example 2.2.1. Suppose we wish to count the number of two-digit positive integers that end in either 0
or 1. We can rst count those that end in O: there are 9 of them, one for each possible tens digit. There are
also, similarly, 9 of them that end in 1. So there are 9+ 9 = 18 such numbers in total.

Suppose now that we have 90 pieces of fruit (speci cally apples, bananas, and oranges) in your fruit-
storing refrigerator. If we wanted to count how many apples and bananas we had, we could add up the
number of apples and the number of bananas. Let's say there were a total of 87 apples and bananas - this
is a lot of fruit to count (and carry!). Is there an easier way to do this?

Subtraction Principle: If bthings are removed from a collection ofa things, then there are
a bthings left.

We can easily spot that there are 3 oranges in our refrigerator while the rest of the fruit are apples and
bananas. Thus, we have 90 3 = 87 apples and bananas.

Example 2.2.2. Suppose we wish to count the two-digit positive integers that end in either Q1; 2; 3;4;5; 6; 7;
or 8. We could do it by adding 9 to itself 9 times, but we could alternatively use the subtraction principle
by counting a larger set and subtracting the ones we don't want!

In particular, there are 90 two-digit positive integers, namely the numbers from 10 up through 99. Exactly
9 of them end in the digit 9, and so we subtract these from the total of 90 to get 90 9 = 81 of them that
don't end in a 9.

Exercises

1. Identify when students a, b, ¢, and d used (or should have used) the addition and subtraction principles
in Section 2.1.

2. ldentify a place in Chapter 1 where the addition (resp. subtraction) principle was used.

3. Suppose you need to choose one more class to complete your schedule for next semester at CSU. You
need to choose exactly one course from the following list: math, science, and music theory. The math
class is o ered at six di erent times, the science course is o ered at two di erent times and the music
theory class is o ered at three di erent times throughout the week. If none of the class times create a
con ict with your current schedule, how many options do you have for choosing a class?

. How many positive two-digit numbers are not divisible by 5?
. How many ways are there to choose four numbers from;1::; 100, such that at most one is even?

. How many numbers from 1 to 3 are not divisible by 3?

~N oo O b~

. Suppose you want to make a bouquet of owers native to Colorado. You have 53 owers and 3 types:
poppy-mallow, harebell, and sun owers. If you have 22 poppy-mallows and 17 harebells, how many
total owers would be in a bouquet of all the sun owers and poppy-mallows?

2.3 The multiplication and division principles

There are two other principles, called the multiplication and division principles. Section 2.2's video includes
the multiplication principle, but the division principle is covered in the following video.

Click on the icon at left or the link below for this section's short video lecture.

The Division Principles and Overcounting

Here is an example of the multiplication principle at work.
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Example 2.3.1. Student k owns 15 shirts and 6 pairs of pants. How many possible out ts (consisting of
one shirt and one pair of pants) are possible? Well, to form an outt, student k rst chooses a shirt (in 15
ways) and then a pair of pants (in 6 ways). So there are 156 = 90 possible out ts.

The more general principle is this:

Multiplication Principle: The product a b counts the number of ways to choose one thing in
a ways and then another inb ways.

Example 2.3.2. Suppose we wish to count the number of two-digit positive integers that end in either 04;
or 8. There are 9 ways to choose the rst digit, and 3 possibilities for the second digit, for a total of 93 = 27
possibilities.

Suppose now we want to sell our 90 pieces of fruit at the local farmer's market. We can t 10 pieces of
fruit in each fruit basket. Then we need 9610 = 9 baskets to carry all the fruit.

Division Principle 1: If a things are grouped evenly into collections of sizéy, there are a=b
collections.

Let's consider another scenario.

Example 2.3.3. Suppose 36 CSU students are traveling to Denver for a combinatorics conference. If each
university van seats 4 people, 364 = 9 vans are needed to transport the students.

Example 2.3.4. How many lotto tickets are there, if a lotto ticket is a collection of 5 di erent numbers
We already know one way to solve this problem! The number of lotto tickets is the number of ways to
choose 5 numbers out of 90. This equals

90 90! _ 90 89 88 87 86

5 ~ 51 851 5| = 43,949.268

We can do this problem a di erent way using the division principle to gain a better understanding why
we divide by 5!. There are 90 89 88 87 86 ways to pick 5 di erent numbers from 1 to 90 one at a time.
We put two lotto tickets in the same pile if the numbers on them are the same, just written in a di erent
order. Then each pile has 5! = 120 lotto tickets in it. Since the order of the numbers on a lotto ticket does
not matter, we have counted each ticket 5! times. Hence the total number of lotto tickets is22-8988 8786

An alternative formulation of the division principle is as follows:

Division Principle 2: If a things are grouped evenly intoc collections of equal size, the number
of things in each collection isa=c

For example, if we divide 90 pieces of fruit evenly into 9 baskets, then there are 10 pieces of fruit in each
basket. Similarly, if 36 CSU students driving to Denver divide themselves evenly into 9 cars, then there are
4 people in each car. We end this section with a more challenging example that can be solved with either
the division or multiplication principle.

Example 2.3.5. How many di erent ways can 10 people be grouped into 5 pairs of two?

One approach uses the multiplication principle: Find a predetermined way of ordering the people, such
as age). The youngest person has 9 possible partners, then the youngest remaining has 7 possible partners,
then the youngest remaining has 5 possible partners, then the youngest remaining has 3 possible partners,
and then the last two people will be partners. Hence the total number of ways is

9 7 5 3 1=945:

Another solution uses the division principle: There are 10! ways to organize the people in a line. We pair
the rst and second people, the third and fourth people, etc. There are 5! ways to rearrange the ordering of
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the pairs, which does not a ect who is paired with whom. Also, there are 2 ways to switch the order of the
people in each of the ve pairs, which also does not a ect who is paired with whom. So the total number of
pairs is

10!
S 945:

Exercises
1. How many three-digit positive integers are even?

2. Counting Rocks! You have 6 distinct rocks and 2 identical buckets. How many di erent ways can you
put 3 rocks in each bucket?

3. In how many ways can you attach the letters of MATH in some order to a piece of string? (If you turn
the string over so that the order of the letters is reversed, it is not considered a di erent possibility.
So for instance, MATH and HTAM are considered the same ordering.)

4. There are 10 people in a dance class. How many ways can they pair o into 5 pairs of dance partners?
(Gender does not matter in making the pairings.)

5. There are 10 people in a dance class. In how many ways can the instructor choose 4 people and put
them into two pairs to demonstrate a dance move?

6. The degree of a vertex in a graph is the number of edges that are adjacent to that vertex. Explain
why the sum of all the degrees of the vertices of any graph is even. (Hint: How many times is each
edge counted?)

7. There are 30 granola bars. Decide which sentence uses division principle 1 and which uses division
principle 2:

" If there are 5 granola bars in each box, then the number of boxes is 6.
" If there are 6 boxes of granola bars, then each box contains 5 granola bars.

8. How many ways are there to group 18 students into 9 teams of 2?
9. How many ways are there to group 18 students into 6 teams of 3?

10. Identify when students a, b, ¢, and d used (or should have used) the multiplication and division
principles in Section 2.1.

11. Identify a place in Chapter 1 when the multiplication (resp. division) principle was used.

2.4 Combining the principles

One di culty in solving counting problems is that there are often several di erent ways to approach the
problems. Small errors in the set-up can make an answer completely wrong. In this section, we review the
four principles and explain how to distinguish between them and combine them.

We summarize the four basic principles in the following table. Take care that you're using the right
principle at each step!

Expression Combinatorial meaning

a+b The total size of a collection formed by addingb things to a things.

a b The number of elements left after removingb things from a things.

ab The number of ways to choose one thing froma things and then one fromb things.

a=b If a things can be sorted into collections of sizéy, then a=bis the number of
collections.
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Remark 2.4.1. Here is another helpful tip for distinguishing addition and multiplication when counting.
Addition is used when making one choiceor another. Multiplication is used when making one choicethen
another (when the choices are taken in succession and do not depend on the earlier choices).

Example 2.4.2. Suppose there are 3 car models and 4 bike models. In how many ways can you buy one
vehicle? The answer is 3+4 = 7. In how many ways can you buy one car and one bike? The answer is
3 4=12.

Here is an example of a problem that requires combining the principles together.

Example 2.4.3. Bob has 5 brown shirts and 4 blue shirts, and 3 brown pants and 4 blue pants. He wants
to pick out an outt in which his shirt and pants have the same color. How many ways can he do this?

We can split the problem into two cases: either he'll wear a brown outt or a blue outt, and we will
add the results together by the addition principle.

For the brown case, he needs to pick one of 5 brown shirtand then one of 3 brown pants, so we
multiply  these to get 5 3 = 15 possibilities.

For the blue case, he needs to pick one of 4 blue shirand then one of 4 blue pants, so wanultiply
these to get 4 4 = 16 possibilities.

Adding these together, we get 15+ 16 = 31 outts in all.

Exercises

For the following exercises, make sure you identify each time you use one of the four principles.

1. Five people and ve dogs meet in a park. The people all shake hands with each other and the people
all shake hands with the dogs, but the dogs do not shake each other's hands. How many handshakes
took place?

2. Counting Rocks! Five people walk into a crystals store and nd a display of ve beautiful rocks. They
decide to each take home one of the rocks. How many ways can they decide who gets which rock?

. How many three-digit numbers have two even digits and one odd digit?
. How many rearrangements of the word MATH start with a consonant (M, T, or H)?
. How many ways are there to group 100 students into 50 pairs of 2?

. How many odd three-digit numbers are there that don't end with 9?

N oo o~ W

. A drama teacher has 30 student actors and actresses that make up a cast for the school play. Each
student has one role, where 10 students are in the chorus, 15 students are in supporting roles, and the
rest of the students are lead characters. There are 450 total costumes for the cast. If each cast member
wears the same number of costumes and all costumes are worn, how many total costumes are worn by
the lead characters?

8. A donut shop has 100 total donuts, where there are 38 vanilla frosted, 21 blueberry, 26 chocolate, and
the rest are jelly- lled. A very hungry customer wants all of your jelly- lled and blueberry donuts.
How many boxes do you need if each box holds six donuts? Note: it does not matter what donuts go
in what box.

9. You order dinner for a friend at a concession stand during a CSU soccer game. You notice both burgers
and burritos are being sold. To order a burger you must choose one option from each category:

~ Bun: wheat or sesame seed

Patty: beef, veggie, or turkey

Sauce: ketchup, mustard, relish, mayonnaise, none
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To order a burrito, you must choose one option from each category:

~ Tortilla: white, wheat, or corn
" Filling: shrimp, carnitas, carne asada, or fajita veggies
" Cheese: cheddar, pepper jack, none

" Rice: brown, jasmine

How many possible dinners could you order for your friend if you buy them either a burger or a burrito
(but not both)?

2.5 Sets, subsets, and the number of subsets

Click on the icon at left or the link below for this section's short video lecture.

Basics of Sets

Sets are unordered collections, like a handful of marbles or a bag of fruit. Many counting problems can
best be phrased in terms of sets and subsets. In Sections 2.6 and 2.8, we will rephrase the four principles in
terms of sets.

2.5.1 Basic de nition of sets

Denition 2.5.1  (Informal). A set is a collection of distinct objects (in no particular order). The objects
in a set are calledelements . We write the objects in a set inside squiggly brackets:fg .3

For example, fa; b; @ and f 1; 2; 3; 4g are both sets. The setf a; b; @ is the same set ad b; c; &g because
the order of the elements does not matter.

Notation 2.5.2. We write b2 A to mean that bis an element of the set A. Similarly, b 62A if bis not an
element of A.

Example 2.5.3. For example, 42 f 2;4;5g but 3 2f 2; 4; 5g.

It is sometimes helpful to draw a set in \blob notation", consisting of a circle with points inside labeled
by the elements of the set. For instance, the gure below depicts the sef 2; 4; 5g.

De nition 2.5.4. If A is a nite set, then its size (or cardinality) (written jAj) is the number of elements
in A.

For example, jf 2;4;5gj = 3. The size of a set is found by counting the number of elements in the set.
For this reason, counting problems can often be phrased in terms of computing the cardinality of a set.

There is also a notion of cardinality for in nite sets, but we will not cover this topic in this document.
There are even di erent sizes of in nite sets!

3Later in the book, we will consider multisets , where the objects in the set can be the same, for example fa;a; bg.
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2.5.2 Set builder notation

Writing down sets of large or in nite size can be hard. One possible notation for the in nite set of positive

integers isf 1; 2; 3; 4;:::g, but this is a bit ambiguous. How do we know whether a number like 7 is included?
To describe larger or more complicated sets, without laboriously writing out every element, we usset builder

notation, as in the de nition below.

De nition 2.5.5. The notation
fx 2 Ajx has property Pg

represents the set of all elementsx in the set A that satisfy property P. Sometimes we simply write
fx j x has property Pg if the set A containing x is clear.

Example 2.5.6. fx 2f2;4;5q9]x is everg = f2;4g.

Example 2.5.7. Let V be the set of all integers whose last digit is zero. Then 3@ V but 31 62/. Another
description of V is

V = f10 kj k is an integerm:
2.5.3 Famous sets

It is helpful to x notation for a few important in nite sets that are used frequently in mathematics:

De nition 2.5.8. ; = f g is the empty set, the unique set containing no elements.
N = f0;1;2;3;4;:::g is the set of nonnegative integers (or natural numbers):
Z="f:::; 2, 1,0;1;2;:::gis the set of integers.

Q=fa=bja2 Z and 06 b2 Zg s the set of fractions (rational numbers).
R is the set of real numbers.

E)iample 2.5.9. The number 1:732 Q is a good approximation forp 3. In Section 5.5, we will prove that
32Q.

Example 2.5.10. In the 1760s, Lambert proved that the real number is notin Q.

Example 2.5.11. There are several ways to describe the set of all even natural numbers:

fx2Njxiseverg=f0;2,4;6;8;:::9g=f2 kjk2 Ng:

2.5.4 Subsets

Informally, a subsetis a set contained in a bigger set.

De nition 2.5.12. A set A is asubset of a setB (written A  B) if every element of A is also an element
of B.

For instance, f2;4g f 2;3;4g, but f2;4;5g 6 f2;3;4g.

Example 2.5.13. Let A be any set. ThenA A because every element oA is an element ofA. Also
;A because there are no elements of.

Example 2.5.14. For instance, all natural numbers are integers and all integers are rational numbers. All
rational numbers are real numbers. We can write this as anested sequence of inclusions

7 N Z Q R

41n this book, we include 0 2 N, but many people exclude 0 from being a natural number.
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2.5.5 The number of subsets

We now address a famous counting question involving sets, which is to count the number of subsets of a set.
Here is an example of a concrete application of this problem.

Example 2.5.15. Four students say that they might go to o ce hours on Monday. How many di erent
groups might show up in o ce hours?

The above problem can be modeled by counting the possible subsets of the det; b; c; dy of four students.
To answer this question in general, we need to count the number of subsets in a sét of sizen. Before
we dive into the theorem, let's look at a few cases:

n =1: The subsets of A = fag are; and fag, so a set with 1 element has 2 subsets.
n =2: The subsets of A = fa;bg are;, fag, fbg, and fa; by, so a set with 2 element has 4 subsets.

n = 3: The subsets of A = fa;b;gare;, fag, fbg, fcg, fa;by, fa;cg, fb; @, and fa;b; @, so a set with
3 element has 8 subsets.

In each case, our answer was a power of 2, with'2= 2, 22 = 4, and 22 = 8. For a set fa;b;c;dy with
four elements, like in Example 2.5.15, we might guess that the number of subsets i¢ 2 16.
The following theorem proves that this pattern holds for any set of nite size.

Theorem 2.5.16. If S is a set withn elements, thenS has 2" subsets.

Picking a subset of S is the same as

~ First, choosing if a; is in the subset or not (2 choices),
~ Next, choosing ifa; is in the subset or not (2 choices),

" Finally, choosing if a, is in the subset or not (2 choices).

At each stepi, there are 2 choices (includeg; or not). Since we make a decisiom times, the total number
of subsets isl Q{ZL? = 2" by the multiplication principle. O
n times

Remark 2.5.17. Here is a way to visualize this proof whenn = 3. Let's say S = fa;;ay; azg.

no |@ai in subset?| yes

a in subset? a, in subset?

no yes no yes

az in subset?‘ ’ag in subset?‘ ’ag in subset?
no yes no yes no yes
’fagg‘ ’fazg‘ ’faz;a3g‘ ’falg‘ ’fal;agg‘ ’fal;angfal;az;ag,g
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Remark 2.5.18. Theorem 2.5.16 even works whem = 0, since the empty set; is the unique set with 0
elements, and there is 1 = 2 subset of;, namely ;.

Remark 2.5.19. There is a more abstract way to think about Theorem 2.5.16. We can make another set
T, whose elements are the subsets &, which are sets themselves. Then2is the cardinality of T.

Example 2.5.20. Students a;b;c say that they might show up to oce hours. Among the 8 possible
outcomes, how many of them have an even number of students coming to o ce hours? The answer is 4,
namely

;:fa;bg fajcg fb; @

Exercises

1. Given the following sets, describe in words what the set contains.

(@ A=f2njn2 Zg

() B=fx2Rj0 x<2g

(c) C=f(xy)jy=x*andxy 2 Rg

(d D=fy=mx+bjm;b2 Rg

2. Given the following mathematical descriptions, write a set in set builder notation that matches the

description. (There will be more than one correct answer.)

(a) The set containing all natural numbers greater than or equal to ten.

(b) The set containing all integers divisible by 3.

(c) The set containing nothing.

(d) The set of all perfect squares.

4. Counting Rocks! You have 20 di erent rocks and you want to place a subset of them on a cairn while
out hiking. The only requirements are that you want to use at least 1 rock and you do not want to
use all 20 of your rocks. How many di erent subsets of rocks can you place on the cairn?

5. This problem is about the subsets off a; b; c; dy. First, list all the subsets.

(a) How many of them have odd cardinality?

(b) How many of them contain f ag?

(c) How many have size 0, size 1, size 2, size 3, and size 4?

6. This problem is about the subsets off a;b; c;d;@. Without listing these subsets, make conjectures

about the following problems.

(&) What proportion of them have even cardinality?

(b) What proportion of them contain a?

(c) How many have size 0, 1, 2, 3, 4, and 57

7. What is the output in SAGE when you type S=Subsets([1,2,3,4,5,6]) in line 1 and S.cardinality() in
line 2?

8. If Ais a set of size 4 and B is a set of size 7, what is the smallest possible size of the union of A and
B?
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9. You have 6 di erent books and you want to donate a subset of them to the library. The only require-
ments are that you want to donate at least 1 book and you do not want to donate all 6 books. How
many di erent donations can you make?

10. How many subsets of 1; 2; 3; 4; 5g contain the number 1?

11. If each student a, b, ¢, d, and e receives either 0 or 1 point for the quiz, how many sequences of ve
numbers are possible as the list of their grades?

2.6 Addition and subtraction from the perspective of set theory

2.6.1 Union, intersection, and the addition principle
We now can de ne the set operations that allow us to phrase the addition principle in terms of sets.
De nition 2.6.1.  The union of setsA and B is

A[B=fx : x2Aorx2Bg

Here \or* means x 2 A or x 2 B or both. (This is a di erent meaning of the word \or" than in \soup
or salad" or \paper or plastic".)

Example 2.6.2. We see thatf2;4;5g[f 2;5;7,99 = f2;4,;5;7;99. The union consists of all the elements in
the region of the diagram covered by the overlapping circles.

De nition 2.6.3. The intersection of setsA and B is
A\B=fx : x2Aandx 2 Bg:

Example 2.6.4. We havef2;4;5g\f 2;5;7,99 = f2;5g. In the diagram, it is the common region shared by
the overlapping circles.

Here is the set analogue of the addition principle.

Lemma 2.6.5 (The addition principle for sets). If A and B are nite sets with no elements in common
(that is, A\ B = ;), then the union A[ B has sizejAj + jBj.

Example 2.6.6. A student has climbed the set of big mountainsA = fLongs peak Pikes peak Mt. Evansg
of sizejAj = 3, and the set of small mountains B = f Arthur's rock ; Horsetoothg of sizejBj = 2. Since
there is no overlap between the sets of large and small mountains, the student has climbgéj + jBj = 5
mountains.

31



2.6.2 Subsets, complements, and the subtraction principle

We now introduce the set operations needed to understand the subtraction principle in terms of sets. One
example of subsets can be constructed with the operator as follows.

De nition 2.6.7.  The dierence of setsA and B is
A B=fx2Ajx6Bg
Example 2.6.8. We see thatf2;4;59 f 2;5;7,99= f4g, andf2;5;7;99 f 2;4;59= f7;90.

De nition 2.6.9. If B A, then the complement of B in A is the dierence A B. If the set A is clear
from context, then this is written as B¢, where the ¢ stands for complement.

We can now state the set analogue of the subtraction principle.
Lemma 2.6.10 (The subtraction principle for sets). If A and B are nite sets and B A, thenjA Bj=
JAj | Bj.
Example 2.6.11. How many numbers inA = f1;:::;25g are not a multiple of 57

To answer this, let B = 5;10; 15;20;25g. Then B A and B is exactly the subset of elements oA that

are a multiple of 5. SojJA Bj=25 5=20.
Exercises
1. Let A and B be sets with sizegAj =4 and jBj=7.

(&) What are all the possible values offA\ Bj?
(b) What are all the possible values offA[ Bj?
(c) What are all the possible values ofjB  Aj?

numbers.

(a) Write down several elements ofA.
(b) Describe A as the union of three smaller subsets.
(c) Use the addition principle for sets to nd jAj.

3. WhatisA BifA\ B=;?
4. Find particular sets A, B,andC sothatA (B C)6(A B) C.

5. Let A =11;2;3;4;5g and B = f4,5;6;7g be subsets ofW = fxj1 x 10, x 2 Zg. Compute the
following:

(a) B®
(b) A°
(c) A[ B
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(d) (A[ B)°
(e) A°[ B®
(f) A\ B

(@) (A\ B)°
(h) A°\ B®

Are any of the sets equal? If so, identify them.

2.7 Venn diagrams and the Principle of Inclusion-Exclusion

Click on the icon at left or the link below for this section's short video lecture.

Inclusion-Exclusion

In this section, we cover the Principle of Inclusion-Exclusion, which is a way to count the number of
elements in a union of sets when the sets intersect non-trivially. Drawing sets as overlapping circles to form
a Venn diagram is a helpful way to visualize the intersection of several sets.

Example 2.7.1. Studentsa, b, ¢, d, e, f, and g decide to walk to the local ice cream shop in Old Town after
their combinatorics class. As they walk, studentd takes a quick poll on who likes mint ice cream and who
likes caramel ice cream. Students and f love both mint and caramel. It would be a shame to choose just
one! So they vote for both. Tallying the votes, there are 5 votes for mint ice cream and 4 votes for caramel,
for a total of 9 votes. Student d quickly realizes that something is wrong and gures out the following Venn
diagram.

Here is another example of a problem that can be solved with a Venn diagram.

Example 2.7.2. How many numbers in the setS = f1;:::;210g have no factor in common with 217
A number has a factor in common with 21 =3 7 if it is a multiple of 3 or a multiple of 7 or both. Let
A be the set of multiples of 3 inS and let B be the set of multiples of 7 inS. The intersection A\ B is the
set of multiples of 21.
We want to count the elements that are not in A or B. This is the complement of A[ B in S. The
number of these is
iS (A[ B)j=210 j A[ Bj:

There are 70 multiples of 3 inS sojAj = 70. There are 30 multiples of 7 in S sojBj = 30. But if we
subtract both 70 and 30 from 210, we've removed each multiple of 21 twice, since it is divisible by both 3
and 7. There are 10 multiples of 21 that we removed twice, so we add 10 to the count. So the answer is
210 70 30+10=120.

We state the Principle of Inclusion-Exclusion for two sets and then for three sets.
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Theorem 2.7.3 (Principle of Inclusion-Exclusion for two sets). SupposeA and B are two nite sets. Then

JAL Bj=JAj+|Bj ] A\ Bj:

Remark 2.7.4. In Example 2.7.2, A and B are subsets ofS = f1;:::;210y; A is the set of multiples of 3;
B is the set of multiples of 7. We calculated

jA[ Bj=jAj+jBj j A\ Bj=70+30 10=90:

The set of all numbers inS that are not divisible by 3 or 7 is the complement of A[ B in S, so it has size
iS (A[ B)j=210 90=120.

There is also a version of the inclusion-exclusion principle for three sets.
Theorem 2.7.5. SupposeA;B; C are three nite sets. Then
JA[ B[ Cj= jAj+Bj+|Cj j A\ Bj j B\ CjjA\Cj+jA\ B\ Cj:

Stare at the following pictures for a while to understand why Theorem 2.7.5 is true!

Example 2.7.6. Continuing Example 2.7.1, two of the studentsa, b, c, d, e, f, and g also like strawberry
ice-cream. There is 1 student who likes mint and strawberry but not caramel. There are no students who
like strawberry and caramel but not mint. Show that there is exactly 1 student who likes all three avors.

To solve this, we Il in the numbers in each part of the Venn diagram. We have the additional information
that there is no student who likes only strawberry, because all 7 students like either mint or caramel or both.
Among the 2 students who like strawberry, 1 also likes mint but not caramel and 0 like caramel but not
mint. This shows there is only one student who likes all three avors.

Example 2.7.7. How many numbers in the setS = f1;:::;210g have no factor in common with 307
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A number has a factor in common with 30 =2 3 5 if it is a multiple of 2 or 3 or 5 or any combination
of these. LetA be the set of multiples of 2 inS. Let B be the set of multiples of 3 inS. Let C be the set
of multiples of 5in S. Then

jAj = 105; jBj=70; and jCj = 42:

It is useful that the numbers 2 and 3 and 5 are all relatively prime. SoA\ B is the set of multiples of 6 in
S. Also A\ C is the set of multiples of 10 inS. Also B\ C is the set of multiples of 15 inS. So

JA\ Bj=35; JA\ Cj=21; and jB\ Cj=14:
Finally, A\ B\ C is the set of multiples of 30 inS so it has size 7. Using Theorem 2.7.5, we see that
JA[ B[ Cj=105+70+42 35 14 21+7=154:

We want to count the size of the complement ofA[ B[ C in S since the complement contains the numbers
that have no factor in common with 30. It has size 210 154 = 56.

Exercises

=

. What is JA[ Bjif jAj =10, jBj=7,and jA\ Bj=3?
2. SupposgAj =10 and jBj = 7. What is the largest and smallest possible size fojA[ Bj?
3. SupposeA and B are sets such thatjA Bj =17, jJA\ Bj=5, and jA[ Bj=40. What is jBj?

4. SupposeA, B, and C are sets such thatjAj = 10, jBj =17, jJA\ Bj=5,and jA[ B[ Cj=30. What
is the largest and smallest possible size gCj?

5. Studentsa, b, and c compare their CSU Fall class schedules. Studerd is registered for combinatorics,
art history, cooking, and physics. Studentb is registered for combinatorics, health, astronomy, band,
and dance. Studentc is registered for combinatorics, art history, dance, English literature, and African
American studies. Use the principle of inclusion-exclusion to compute how many classes they are taking
in total.

7. How many integers inf 1;2;:::;55g are not divisible by either 11 or 5?

8. How many integers inf 1;2;:::; 105 are not divisible by 3 or 5 or 7?

9. Counting Socks! Suppose 50 socks lie in a drawer. Each one is either white or black, ankle-high or
knee-high, and either has a hole or doesn't. 22 socks are white, four of these have a hole, and one
of these four is knee-high. Ten white socks are knee-high, ten black socks are knee-high, and ve
knee-high socks have a hole. Exactly three ankle-high socks have a hole. Find the number of black,

ankle-high socks, with no holes.

2.8 The multiplication principle from the perspective of set theory
We now introduce the set theory notation needed to describe the multiplication principle in terms of sets.
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2.8.1 Cartesian products and the multiplication principle

If A and B are sets, then theirCartesian product , denotedA B, is the set consisting of all ordered pairs
of elements fromA and B:
A B=f(ajbhja2Aandb2 Bg:

Example 2.8.1. The product f2;3;4g f Xx;yg is the set of ordered pairs
f(2,%);(27y); (3:%); (3;Y); (4:X); (4ry)a:

Example 2.8.2. The product f2;3;4g f 2;5qg is the set of ordered pairs
f(2;2);(2;5);(3;2); (3;5); (4;2); (4; 5

Example 2.8.3. The product R R can be thought of as all the points ;y) in the usual coordinate plane
R? that we use when graphing functions in calculus. This plane is often called the Cartesian plane, which is
where the term \Cartesian product” comes from.

We can now state the set analogue of the multiplication principle.

Lemma 2.8.4 (Multiplication principle for sets) . If set A hasjAj elements and setB has jBj elements,
then setA B hasjAj jBj elements.

Example 2.8.5. We arrange three boxes of granola bars in a line. In each box, ve granola bars are stacked

Example 2.8.6. Let A be the set of numbers inf 1;:::; 40g which are odd and not a multiple of 5. Suppose
we wish to nd the size of A.

The numbers in A are exactly those whose last digit is inC = f1;3;7;,99 and whose rst digit is in
B = f0;1;2;3g. SOA can be identied with B C.°> SojAj= jBj jCj=4 4=16.

Exercises

1. If Student a owns 5 shirts and 2 pairs of pants, how many out ts consisting of one shirt and one pair
of pants can they wear? Justify your answer using sets.

2. See Question 2.1.2. LeA be the set of poker hands which are a full house ( ve cards including a triple
of one number and a pair of another number).
(a) Write down one example of a full house.

(b) With a classmate (or friend), play 20 questions until they guess which full house you wrote down.
For example, one question could be: do the cards in your triple have the number 7 on them?

(c) Describe A as the Cartesian product of several smaller sets. Hint: each smaller set tells you some
information, but not all information about the full house. For example, set B could index the
number on the cards in the triple.

(d) Use the multiplication principle for sets to nd jAj.

3. Let W = f(1;1);(2;1);(2;2);(3;1); (1;2); (3; 2)g. Find sets A and B such that A B = W. Verify the
multiplication principle with your sets.

4. ExpressR R as a set, using set builder notation. What does this represent?

5. Express [Q1] [0;1] as a set, using set builder notation. What does this represent?

5More precisely, there is a bijection from A to B C where the number 10 c+ d maps to the pair ( ¢; d). The topic of bijections
is covered in Section 5.4.
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2.9 Set partitions, the division principle, and equivalence relations

Click on the icon at left or the link below for this section's short video lecture.

Set partitions

2.9.1 Set partitions and the division principle

The division principle is the most di cult to state in terms of set theory. To do this, we de ne a set partition,
which is a a helpful way to organize sets.

De nition 2.9.1. Let A be a nite set. A non-empty subset B of A is called ablock . A set partition of

1. the blocks are disjoint, that is, B; \ B; = ; for all i  j; and

2. the union of the blocks isA, thatis By [ Bo[ [ Bk = A.
Example 2.9.2. The following is a set partition of f1;2;3;4;5;6; 79:

ff 1;3;4g;f2;60;f5; 79g:

The division principle arises when we split a set into blocks of equal sizes. It can be stated as follows.

satisfy these relationships:jAj=m = k, and jAj=k = m.

Example 2.9.4. How many ways can the letters in the word \COOL" be rearranged? If we pretend the
two O's are di erent from each other, calling them O; and O,, then there are 4! =4 3 2 1 =24 ways

to order them, as discussed in section 1.2.2. We can partition these arrangements into blocks of size 2 that
have the letters in the same position except for the two O's switched with each other.

ff CLO,0,, CLOzOlg; fCOlLOZ, COzLO]_g; fCO]_OzL, COzOng; fLCOloz, LCOzOlg;
fLO1COy, LOQCOlg; fLO,10,C, LOzo]_Cg; fO,CLO,, OzCLOlg; fO1COsL, OQCO]_Lg;
fO;LCO,, O,LCO;g; fO,LO,C, O,L O,Cg; fO,0,CL, O,0;CLg; fO,0,LC, O,0,LCqgg

Thus there are 242 = 12 blocks, or 12 distinct rearrangements of the letters in COOL. See Section 4.5 for

more examples of counting anagrams.

2.9.2 Equivalence relations and modular arithmetic

Equivalence relations are often used to divide a set into blocks. In fact, every equivalence relation on a set
makes a set partition.

De nition 2.9.5.  An equivalence relationon a setS is a way of identifying elementsx y with the three
following rules:

1. (reexive) X X;
2. (symmetric) if x y,theny x;

3. (transitive) if x yandy 2z,thenx z.
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Example 2.9.6. How many ways can studentsA; B;C;D be seated at a rotating round table? There are
24 = 4! ways for the students to sit down at the table. We say that two seating arrangements are equivalent
if they look the same after a rotation. For example,

ABCD DABC CDAB BCDA:

Each seating arrangement is equivalent to three others. So we can divide the set of seating arrangements
into blocks, each of which has size 4. By the division principle, there are 6 blocks.

One important equivalence relation is called congruence modulon.

De nition 2.9.7. Let m be a positive integer. Letx and y be integers. We say thatx is congruent to vy
modulo m whenm dividesy x. This is written x y mod m.

Lemma 2.9.8. If r is the remainder whenx is divided bym, then x  r mod m. In particular, if m divides
X, thenx 0 modm.

Proof. If r is the remainder whena is divided by m, then a= km + r for some integerk. This means that
a r = km, which is divisible by m. Soa r mod m by de nition. If m dividesa=a 0,thena 0 modm
by de nition. O

Example 2.9.9. The hours of a day are described with congruence modulo 12. For example, if it is 11
o'clock and you need to wait 2 hours before eating lunch, then you will eat lunch at 1 o'clock. We write
11+2=13 1mod12.

Example 2.9.10. Every even integer is congruent to 0 modulo 2. Every odd integer is congruent to 1
modulo 2.

Example 2.9.11. The last digit of a number indicates its congruence modulo 10.

We will now give some examples of the division principle using blocks that are constructed using congru-
ence modulom.

Example 2.9.12. How many numbers in the setS = f1;:::;40g are congruent to 1 modulo 5?
We list the numbers between 1 and 40 that are congruent to 1 modulo 5:

f1;6;11;16; 21; 26; 31; 360:

So the answer is 8. In this example, there is a set partition ofS into 5 blocks of size 8, where two numbers
are in the same block exactly when they are congruent modulo 5.

This example works more generally.

into m blocks, each of sizé&N\=m, where two numbers are in the same block exactly when they are congruent
modulo m.
Exercises

1. Let A = fa;b;c;d). List all possible set partitions.

2. How many ways can the letters in \COLORADOQ" be rearranged?

3. How many ways can ve students be seated at a rotating round table?

4

. Counting Rocks! You have 1,000,000 rocks and make as many rows of 9 rocks as you can. How many
are left over?
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question with m =7,
Show that congruence is an equivalence relation.
If n is an integer, shown? 0 mod 4 ifnis even andn® 1 mod 4 if n is odd.

Explain why Lemma 2.9.13 is true using Lemma 2.9.3.

2.10 Additional problems for Chapter 2

1.

10.

11

Use the multiplication and division principles to nd how many handshakes there are between seven
people, if every pair of people shakes hands.

. Generalize your reasoning in the previous problem to give a proof using the multiplication and division
principles that the number of handshakes betweem people, if everyone shakes hands, is(n  1)=2.

. Bob has 4 pairs of socks, 2 pairs of shoes, 5 pairs of pants, 10 shirts, and one hat. How many ways
can he get dressed for the day (wearing one of each type of item of clothing)?

. How many three-digit positive integers have only even digits?
. SupposeA and B are sets such thatjAj =21, jBj =15, and jJA[ Bj=30. What is jA\ Bj?
. Using a Venn diagram, for any three setsA; B; C, explain why it is always true that

A\ (B[ C)=(A\ B)[ (A\ C):

. Using a Venn diagram, for any three setsA; B; C, explain why it is always true that

A[ (B\ C)=(A[ B)\ (A[ C):

which are relatively prime to n.

(a) How many binary strings of length m are there?

(b) If sis a string of length m, let s® be the complement string where each 0 is replaced by a 1 and
each 1 is replaced by a zero. Write out the binary strings of lengthm = 3 and match each with
its complement.

(c) For each binary string s = s;5,53, plot the point ('s3;sp;s3) in 3-dimensional space. What 3-
dimensional shape has these points as its corners and what is the relationship between the corners
plotted for s and its complement s®?

. Let S be the set of binary strings of lengthm.

(&) When m =2, here are all the subsets ofS of sizek = 2:
f00; 01g; f 00; 10g; f 00; 11g; f 01; 10g; f 01; 11g; f 10; 11g: (2.1)

Write out all the subsets of S of sizek = 3.

(b) If T is a subset ofS containing k strings, let T¢ be the subset ofS containing their k complements.
When m = 2 and k = 2, match up each set in (2.1) with its complement. Whenm =2 and k = 3,
match up each set for your answer to part (1) with its complement.
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(c) Suppose thatk is odd. If T is a subset ofS of sizek, prove that T and T¢ are not the same.

(d) Supposek is even. IfR is a subset ofS of sizek=2 and if T = R[ R€, show that T is a subset of
S of sizek and that T = T€.

12. How many sequences of 5 letters can be made with the letters AE,1,0,U,M,S, allowing repeats of
letters, for example, MMSSU?

13. How many sequences of 5 letters can be made with the letters AE,I,O0,U,M,S, and have exactly 2
vowels, for example, MMSOU?

14. How many ways are there to assign 5 jobs to 4 people, so that each person gets at least one job (and
every job is assigned to some person)?

15. How many ways can the letters of PUPPY be rearranged (including the original spelling)?

16. In the setf1;2;:::;24g, there are 3 integers which are 2 mod 8. What is their sum?
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2.11 Investigation: Divisors of a positive integer

In this section, we study divisor functions, which were investigated by the famous mathematician Ramanujan
(1887-1920). LetN be a positive integer. A divisor function is a function de ned on positive integers whose
value at N depends on the divisors ofN .

2.11.1 The number of divisors
De nition 2.11.1. Let o(N) be the number of positive divisors ofN, including 1 and N itself.
Example 2.11.2. " 0(22) = 4 because the positive divisors of 22 are ;2; 11; 22;
" 0(23) = 2 because the positive divisors of 23 are 1 and 23; and
" o(24) = 8 because the positive divisors of 24 are [12; 3; 4; 6; 8; 12, 24.
In the following questions, we will develop a formula for o(N) by working out cases of increasing di culty.
Question 2.11.3. 1. Compute o(N)for N =1;:::;20. Look for some patterns.
2. Whenis ¢(N) =1? Explain why.
3. Whenis o(N) =27 Explain why.
4. When is o(N) odd? Explain why.
Question 2.11.4. 1. Compute o(N) for N =3;9;27,81.
2. If N = p® for some primep, nd a formula for o(N).
3. Explain why the formula is true.
4. Give an example to show that the formula does not work wherp is not prime.
Question 2.11.5. 1. Compute o(N) for N =21;26;33; 35.
2. If N = p gwherep and g are distinct primes, nd a formula for o(N).

3. Explain why the formula is true.

4. Let A be the set of multiples ofp dividing N and B be the set of multiples of g dividing N. Draw a
Venn diagram for the divisors of N .

Question 2.11.6. 1. Compute o(N) for N =30;42 70.
2. If N = p g r wherep;q;r are distinct primes, nd a formula for o(N).
3. Explain why the formula is true.

4. Let A and B be as in Question 2.11.5. LetC be the set of multiples ofr dividing N. Draw a Venn
diagram for the divisors of N .

Question 2.11.7. SupposeN = p; p2 P, Wherepy;:::;p, are distinct primes. Find a formula for o(N).
Explain why the formula is true using Theorem 2.5.16.

Question 2.11.8. SupposeN = p* p3? e where ps;:::;p, are distinct primes. Find a formula for
o(N). Explain why the formula is true.
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2.11.2 The sum of the divisors
De nition 2.11.9. Let 1(N) be the sum of the positive divisors ofN, including 1 and N itself.
Example 2.11.10. " 1(22) = 36 because 1+2+ 11+ 22 = 36;
" 1(23) = 24 because 1+ 23 = 24; and
" 1(24) =60 because 1+2+3+4+6+8+12+24 =60.
Question 2.11.11. Let p be a prime.
1. Find a formula for 1(p).
2. Find a formula for 1(p®). Explain why it is true.
Question 2.11.12. Let py;:::;ps be distinct primes.
1. Find a formula for 1(p1 p2).
2. Find a formula for 1(p1 p2  pn). Explain why the formula is true.
Question 2.11.13. Let py;:::;pn be distinct primes. Find a formula for 1(pf* p5? o). Explain why
the formula is true.
2.11.3 The Mabius function

The Mebius function was de ned by Mebius in 1832, but had been studied 30 years earlier by Gauss. It
plays a key role in the Mebius inversion formula and the Riemann hypothesis, which is a famous unsolved
problem in mathematics.

De nition 2.11.14. The Mebius function (N) is de ned as follows:
" If there is a prime p such that p? divides N, let (N)=0;
" (1)=1;and

If N =p1 p2 pn Whereps;:::;p, are distinct primes, let (N)=( 21)".

Example 2.11.15. Let N = 22. The divisors d of N are 1,2;11;22. We compute (1) =1, (2)= 1,
(11)= 1,and (22)=1. We compute that (1)+ (2)+ (11)+ (22)=0.

P
Question 2.11.16.  For the other values of N between 20 and 30, compute the value of \ (N), where
the sum is over all divisors ofN including 1 and N. Make a conjecture about this.

2.11.4 Multiplicative functions

Let N and M be positive integers. We say thatN and M are relatively prime if gcd(N; M ) = 1, meaning
that N and M have no prime factors in common.

Let f be a function on the positive integers. We say thatf is multiplicative if f(N M)= f(N) f(M)
wheneverN and M are relatively prime.

Question 2.11.17. 1. Show that ¢ is a multiplicative function.
2. Show that ; is a multiplicative function.
3. Show that is a multiplicative function.

4. For each of the functions ¢, 1, , give an example that shows the multiplicative property fails when
M and N are not relatively prime.
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Chapter 3

Counting combinations

We now arrive at the heart of combinatorics, and the origin of its name, which comes from countingcombi-
nations.

3.1 The types of combinations

Click on the icon at left or the link below for this section's short video lecture.

Combinations

How many ways can you choose a collection df objects from a collection ofn objects?
What we mean by this question might vary depending on the situation; in particular, whether order
matters and whether or not repeats are allowed Consider the following examples of each setting.

Example 3.1.1. (Order does not matter, repeats not allowed.) Suppose you want to pick out two pieces
of fruit to bring to work from the refrigerator, which contains an apple, a banana, an orange, a pear, and a
mango. In this case,order does not matter, so the number of ways is g = % =10.

Example 3.1.2. (Order matters, repeats not allowed.) On the other hand, suppose you want to eat one
fruit on each of Monday and Tuesday next week. In this caseprder matters. Now there are 5 choices for
which fruit to eat on Monday, but then when you get to Tuesday there are only 4 choices left, so there are
a total of 5 4 = 20 choices.

Example 3.1.3. (Order matters, repeats allowed.) Suppose instead that your refrigerator is packed with
plenty of fruits of each of the ve types! So for instance, you can eat an apple on both Monday and Tuesday
if you like - indeed, repeats are allowed Now there are 5 choices for which type of fruit to eat each day, for
a total of 5 5 = 25 possibilities.

Example 3.1.4. (Order does not matter, repeats allowed) Finally, supposerepeats are allowed(there are

plenty of each type of fruit in the fridge) but order doesnt matter (you are just grabbing two pieces of fruit

to put in your lunch bag for Monday). Now there are 5 ways to pick the two pieces of fruit to be the same
kind as each other, and if they're di erent, there are 10 possibilities as we saw in Example 3.1.1. In total,
there are 10 + 5 = 15 possibilities.

The examples above show that the answer of \how many ways can | choose two fruits from ve" can
either be 10, 20, 25, or 15 depending on whether order matters and whether repeats are allowed! We can
summarize our ndings in the following table:

Number of ways to choose 2 pieces of fruit from 5 fruits
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| Order does not matter Order matters
Repeats not allowed 10 20
Repeats allowed 15 25

In this chapter, we will study each of the four cases above in depth. The goal is to nd a general formulas
for each entry of the table, by computing the number of ways to choose objects from n objects in each
case. Throughout this chapter, we will assumek and n are natural numbers.

Exercises

1. Find the four entries in the table if another piece of fruit, a strawberry, is added to the refrigerator.

2. Find the four entries in the table if a third piece of fruit will be chosen (for Wednesday in Examples 3.1.2
and 3.1.3).

3. The Student Government of Combinations College consists of a president, vice president, secretary,
and treasurer. Seven people are running for student government. How many possible sets of four
people can make up the student government? (Ignore for now the choice of which of these four people
is president, vice president, etc.)

4. Using the setup of the previous problem, how many di erent possible choices of president, vice presi-
dent, secretary, and treasurer can there be, out of the seven people running?

5. How many ways can you pick two marshmallows from a large bag of colored marshmallows, where
there are 6 possibilities for the color? (For instance, you could pick two red marshmallow, or one red
and one blue, or any other combination of the 6 available colors. Assume the order in which you pick
them does not matter).

6. Counting Rocks! How many ways can you make a tower of three rocks stacked on top of one another
if you have 6 di erent rocks to choose from?

7. There are 6 di erent colors of marshmallows in a large bag of marshmallows. How many ways can you
stick 4 marshmallows on a toothpick that's sticking out of the top of a birthday cake?

8. In the previous problem, how many possibilities are there if the four marshmallows all have distinct
colors?

3.2 Sequences
Sequences allow us to order or list the elements in sets.
De nition 3.2.1. A sequence is a list of numbers or other symbols written in order.

A sequence can be eithemite or in nite . We write a nite sequence as a list separated by commas and
enclosed by parentheses, as in:
(5:2;3,6)

or
(2;4;6;8;10;::2):

The former is a nite sequence, oflength 4 since there are 4 numbers in the sequence. The latter is an
in nite sequence. This notation can be generalized using subscripts as follows.
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Notation 3.2.2. We write

to denote a nite sequence of lengthn, whose rst entry is a;, second entry isa,, etc, and ending with the
nth entry being a,. We write

(ar;@z;a3;84;:10)
to denote the in nite sequence whoseith entry is g for each integeri 1.

The set of numbers or symbols we use in a sequence is called thiphabet Commonly used alphabets
are the binary alphabet f 0; 1g, the letters in the English alphabet, ASCII, or the natural nhumbers.
The next remark explains some other variations on sequences.

Remark 3.2.3. 1. Itis sometimes convenient to \zero-index", by starting a sequence withag rather than
a;, see Chapter 6.

2. It is sometimes convenient to write a sequence as string or word, in which we drop the parentheses
and commas. For instance, the sequence(p; p;l; €) can be more easily written as the string of letters
apple, and the string of digits (1;0; 1; 1;0) can be written as the binary string 10110.

Warning: We do not want to write the sequence (2 0; 10; 100, 1000) as the string 10101001000, because
we would lose information about the length of each entry. This topic is important in coding theory
where it is called the theory of uniquely decipherable codes.

3. A sequence of lengtm can also be thought of as a function that assigns a number (or symbol) to every
positive integer from 1 to n. An in nite sequence can also be thought of as a function that assigns a
number (or symbol) to every positive integer.

3.2.1 Counting where order matters and repeats are allowed

The type of counting seen in Example 3.1.3, whereorder matters and repeats are allowed , can be
restated in terms of counting sequences. Indeed, if we chookeobjects from n objects in order, with repeats
allowed, we can write them as a sequence from an alphabet with symbols.

We can count such sequences as follows.

Theorem 3.2.4. The number of sequences of lengtk composed from an alphabet wittn symbols isn¥.
More generally, there arenk combinations ofk objects chosen frorm objects, where order matters and repeats
are allowed.

Proof. There are n ways to choose the rst symbol in the sequence, them ways to choose the second, and
so on up to the kth. Therefore there aren n n n = nk possibilities. O

Using Theorem 3.2.4, we can complete the general formula for one entry of the table.

Number of ways to choose k objects from n objects

Order does not matter Order matters

Repeats not allowed

Repeats allowed nk

Let's look at a few examples; for convenience we write these examples as strings.

Example 3.2.5. The number of binary strings (consisting of 0's and 1's) of lengthk is 2¢ (heren = 2). We
can verify this for k = 3 by listing all 8 = 2 2 possible binary strings of length three:

000 001,010 011,100,102, 11G 111
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Example 3.2.6. The number of strings of three letters from the English alphabet is (26§ = 17;576. Some
examples arepxy or csu.

Example 3.2.7. The number of strings of three letters or numbers, such ap17, 2y, or pgm, is (26+10)3 =
36° = 46 656.

We can use the formulan® for any situation in which order matters and repeats are allowed, even if we
are not explicitly counting sequences or strings.

Example 3.2.8. At a bu et table, there are many samosas, chicken skewers, and carrots. The number of
ways to eat 10 snacks in a row is ¥,

The formula n® was derived using the multiplication principle, by considering how many choices there
are for each element of the sequence. In Theorem 3.2.4, there is one alphabet of gizéhat is used for all k
positions in the string. We can generalize this by using a di erent alphabet in each position.

Theorem 3.2.9. There aren; n, ::: ng possible sequences of length made by
~ choosing one ofn; symbols as the 1-st entry,

~ choosing one ofn, symbols as the 2-nd entry,

~ choosing one ofny symbols as thek-th entry.
Remark 3.2.10. Theorem 3.2.4 is the special case of Theorem 3.2.9 wheng = n, = ::: = n, = n.

Example 3.2.11. How many 4-digit numbers are there that have no leading zeros? For example, 2347 is
one such number but 0023 is not.

Answer. There are 9 choices (1-9) for the rst digit, and 10 choices (0-9) for the remaining three digits.
Hence the total number is 9 10 10 10 =9000.

Example 3.2.12. How many sequences of three letters from the English alphabet are there in which the
rst and last letters are consonants and the middle is a vowel (A, E, I, O, or U)? Since there are 5 vowels
and 21 consonants, there are 215 21 = 2205 possibilities.

Exercises

1. (a) Find the number of all strings of four letters. String aabbis di erent from abab

(b) Find the number of all strings of four letters in which no two consecutive letters are the same.
For example, stringsxdwa and xdxd count but strings xdww and xddx do not.

(c) Find the number of all strings of four letters in which letters which di er by one slot are not the
same, and also letters which di er by two slots are not the same. For example, stringkwzz does
not count since there arez's which di er by one slot, string xzwz does not count since there are
z's which di er by two slots, but string zxwz is okay.

2. How many ways are there to send one postcard to each of 10 di erent friends, from a large supply
of each of 4 di erent kinds of postcards (a ram, bu alo, fox, and goat print postcard)? If Student A
receives a ram postcard and Student B receives a bu alo postcard, that is di erent than if Student A
receives a bu alo postcard and Student B receives a ram postcard.

3. How many 5-digit strings of digits 0-9 are there such that no two consecutive digits are the same? For
example, strings 01323 and 93572 are allowed, but 00232 and 93552 are not.

46



4. Student d starts a job at a license plate manufacturer. Each license plate is of the form XXX ###,
where each entry marked X can be any capital letter from the English alphabet and each digit marked
# can be any digit 0-9. If Student d can make 33,000 license plates a day, how many days of work will
this give Student d?

5. Your neighbor works for your school's accounting division, which receives scholarship donations from
all over the world. Each donor is assigned an account fund, labeled by a string of length ve where
the rst character is "C' (standing for Code), starting at CA000 through CA999, then CB00O0 through
CB999, etc. The available codes assigned via this system will run out after codes CZ000 through CZ999
are assigned. About 700 new codes are used every year. At the beginning of the school year, the next
code to be assigned is CW182. Your neighbor plans to retire 5 years from now. Will the available
codes run out before she retires?

3.3 Permutations and other sequences with distinct entries

The seven students in the setP = fa;b;c;d; e; f; g go out for ice cream. When they arrive at the ice cream
shop, they need to wait in line. Studenta argues they should wait in alphabetical order, but studentg has a
strong opposition to this ordering. This prompts the question: How many di erent ways are there for them
to wait in an ordered line?

To solve this kind of problem, we need the following de nition.

De nition 3.3.1. A permutation of n objects is an ordering or arrangement of alln of them.
A permutation can be expressed as a sequence or string.

Example 3.3.2. For example, the setf a; b; @ has 6 permutations:
abc acb bac bca cab cba

Example 3.3.3. To write down a permutation of the set f 1; 2; 3;4;5; 6; 7; 8; 9; 10g, we use sequence notation
rather than string notation, since 10 has two digits. One possible permutation is:

(3;6;7;2;1;10; 4,5, 9; 8):
Recallthat n'=n (n 1) (n 2) ::: 3 2 1, and we pronounce the symboh! as \n factorial".
Theorem 3.3.4. The number of permutations ofn objects isn!.

Proof. By Theorem 3.2.9, there aren choices for the rst object, then n 1 choices for the second object,
then n 2 for the third, and so on until there is only one 1 choice remaining for thenth object. So there
aren (n 1) (n 2) ::: 3 2 1= n! permutations in total. O

Remark 3.3.5. If there are 0 objects, then there is only one way to arrange them (do nothing). This can
be thought of as the \empty sequence" or \empty string". Therefore, we set 0! = 1.

Example 3.3.6. When seven students go out for ice cream, there are 7! = 5040 ways for them to line up,
since each way corresponds to a permutation of elements from = fa;b;c;d;e;f; .

Example 3.3.7. Suppose there are 5 di erent fruits in your refrigerator: an apple, a banana, an orange, a
pear, and a mango. How many ways can you bring one fruit on each day of the work week? Let's call the
fruits A;B;O;P, and M for short. Then a possible assignment of each of the fruits to a day of the work
week is a permutation off A; B; O; P; M g. Therefore, the number of possibilities is 5!=54 3 2 1=120.

The problems in this section can be rephrased as counting problems where order matters and repeats
are not allowed, in which we arrange all of the objects. In the next section, we consider the more general
problem of choosingk objects from n objects where order matters but repeats are not allowed. These can
be thought of asordered subsets
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3.3.1 Ordered subsets

The ice cream adventurersP = fa;b;c;d;e;f; g decide to wait in line for ice cream yet again. However,
to their collective horror, the ice cream shop is closing and can only serve 4 more customers. How many
ordered lines are there that contain 4 people from the seP? To make such a line, we choose a subsé&t of
P of size 4 and then order the elements irS.

This problem is similar to the one seen in Example 3.1.2, whererder matters and repeats are not
allowed . More generally, consider the following de nition.

De nition 3.3.8.  Suppose 0 k n. An ordered subset of sizek from a setA is a string a;;:::;ax of
distinct elements of A.

Theorem 3.3.9. Suppose0 k n. The number of ordered subsets of sizk from a set with n elements is
n!
(n k)’

More generally, ﬁ is the number of ways to choosé& objects from n objects, where order matters and
repeats are not allowed.

nn 1) (n 2 ::: (n k+1)= (3.1)

Proof. An ordered subset of sizek is a sequence of lengttk chosen from an alphabet of sizen in which no
two entries are equal. There aren possibilities for the rst entry. Once that entry is chosen, there are only
n 1 remaining possibilities for the second one, them 2 for the third, and so on. For the nal kth entry,
there aren k + 1 possibilities. The decreasing number of possibilities for each entry guarantees that there
are no repeated entries. The formula in (3.1) follows from the multiplication principle. O

Remark 3.3.10. Sincen k+1= n (k 1),therearek entriesinthe productn (n 1) (n 2)::: (n k+1).
It is helpful to think of these entries as being labeled from 0 tok 1.

Example 3.3.11. There are 7 6 5 4 =840 possible ways to form a line of four ice cream adventurers.

Using Theorem 3.3.9, we can complete the general formula for the upper right entry of the table.

Number of ways to choose k objects from n objects

Order doesn't matter Order matters

Repeats not allowed nt

Repeats allowed nk

Example 3.3.12. As in Example 3.1.2, the number of ways to choose one out of ve fruits to eat on Monday
and then another to eat on Tuesday is
51 54321
317 321
Tip: When dividing one factorial by another, expand both out as products and cancel as many terms as
possible before multiplying. For example, the computation above was easier than computin% = % =20.

=5 4=20:

Example 3.3.13. How many di erent arrangements are there for 47 students sitting in a classroom with
50 seats?

Answer. This is the number of ordered subsets of size 47 from a set of size 50. Hence the answer is
50 49 ::: 4= 39
3!

Remark 3.3.14. In Section 1.2.3, we answered this question by adding 3 \ghosts" to the class. These
answers are really the same!
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Exercises

1. How many di erent ways can you permute the 26 letters of the English alphabet?
2. How many ways are there to scramble the letters in ABSEINO, in the following situations?

(a) If each letter is used exactly once in a seven letter word.
(b) If each letter is used at most once in a ve letter word.

(c) How many actual ve letter English words, such as NOISE, can you make from these letters?
3. In how many ways can you visit 5 of the 50 state capitals? The trip
Sacramento! Dover! Baton Rouge! Bismarck! Denver
is di erent than the trip

Dover! Baton Rouge! Denver! Bismarck! Sacramenta

4. In how many ways can you rank your favorite 10 restaurants (from #1 to #10) out of a collection of
50 restaurants?

5. Counting Rocks! You have ve di erent rocks that can be stacked on top of each other in any order,
but you want your favorite one to go on top. How many di erent ways can you stack the rocks in a
tower?

6. There are 128 NCAA DI football teams. How many possible top-25 ranked lists are there? One such
list might be:
1. CsU
2. Oklahoma
3. Washington

25. Alabama

3.4 Sets: When order doesn't matter

After receiving numerous complaints about the length of its lines, the ice cream shop decided to reward their
customers with anlce Cream for a Year contest. This contest allows 4 people to win free ice cream for a
year! The seven students in the seP = fa;b;c;d;e;f; gy eagerly enter, along with 100 other people. Out of
the 107 entrants, how many ways are there to choose 4 winners? All winners receive the same prize.

This problem is similar to the one seen in Example 3.1.1, whererder does not matter  and repeats are
not allowed . We can solve problems of this type with the binomial coe cient formula from Section 1.2.3.

Theorem 3.4.1. Suppose0 k n. The number of subsets of siz& in a set of sizen is

n n! )
k ~ ki(n k)

More generally, E is the number of ways to choos& objects from n objects, where order does not matter
and repeats are not allowed.
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Proof. We already proved this in Lemma 1.2.6. Here we repeat the proof from Method 1, using the vocabulary
of sets. By Theorem 3.3.9, the number ofordered subsets of sizek is ﬁ However, that counts each

unordered subsetk! times, sincek! is the number of permutations of k objects (Theorem 3.3.4). Hence, by
the division principle, the number of unordered subsets of sizé is

M K _ n! _ n
k! ki(n k)! k

Using Theorem 3.4.1, we can complete the upper-left entry of the table.

Number of ways to choose k objects from n objects

Order does not matter Order matters

n !
Repeats not allowed K m Ky

Repeats allowed nk

Example 3.4.2. The number of ways to choose 2 fruits from 5 to bring to work on the same day is

5 59 54321

> T3 21321 ° 27

Example 3.4.3. How many ways are there to select the top 25 NCAA DI football teams (of which there
are 128) without ranking them?
This is the number of (unordered) subsets of size 25, giving's® = 25!(1%8! oy = T

Example 3.4.4. The number of ways to pick 4 winners out of 107 entrants for thelce Cream for a Year

H 107 _— 107! _— .
contestis °," = g 103[—5,16Q61O.

Choosing the four winners in Example 3.4.4 is the same as eliminating the 103 people who did not win.
So the number of ways to choose 103 people out of 107 gives the same answer. This leads us to the following
corollary, which is often used to simplify problems.

Corollary 3.4.5. These two binomial coe cients are equal: E = n“k .

Surprisingly, the formula | can also be useful in counting certain sequences or strings.

Example 3.4.6. How many binary strings (from the alphabet f 0; 1g) have exactly k zeroes andh  k ones?
To form such a binary string, we simply have to choosek positions for the 0's, out of n possible positions.
This is the same as choosing aminordered subset ofk of the positions in the string (even though the string
itself is ordered). Therefore, there are | such strings.

Exercises

1. You have 7 di erent rolls of wrapping paper and 4 identical teddy bears. How many di erent ways can
you wrap the teddy bears such that no two teddy bears are wrapped in the same wrapping paper?

2. Student a has six wristbands of di erent colors and student b has seven necklaces of di erent colors.
In how many ways cana trade two wristbands for three of b's necklaces?

3. Suppose studentd has 9 pencils (all di erent) and student e has 6 erasers (all di erent). In how many
di erent ways could student d trade 4 of their pencils for 2 of studente's erasers?
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4. Give an algebraic proof that rz‘ + ”;1 = n?: (Do not use induction, even if you know what that is.)

5. How many ways are there to send postcards to 10 di erent friends, from a large supply of each of 4
di erent kinds of postcards (a ram, bu alo, fox, and goat print postcard), in the following scenario?
You want to send either 1, 2, 3, or 4 postcards, such that no person gets two postcards of the same
animal. For example, student a might receive the ram, bu alo, and fox postcards, while student b
might receive only the ram postcard, and studentsa and b can receive the same set of postcards.

3.5 Multisets: sets with repeats allowed

Click on the icon at left or the link below for this section's short video lecture.

Multisets: sets with repeats allowed

Student ¢ was one of four lucky winners of the ice cream contest! To celebrate, the seven students decide
to get a large sundae in a bowl, lled with many di erent scoops of ice cream. There are 10 avors of ice
cream and a large sundae has 15 scoops. Since it is a hot day in Colorado, all of the scoops will melt together,
so the order of the scoops does not matter. Each avor can be used for as many of the 15 scoops as they
want. How many di erent sundaes can student c order?

This problem is similar to the one seen in Example 3.1.4. To solve problems of this type, we de ne a
multiset; intuitively, this is a set whose elements do not need to be di erent.

Example 3.5.1. The multiset f apple; apple; orange pear, pearg denotes a collection of two identical apples,
one orange, and two identical pears.

De nition 3.5.2. A multiset is a set, together with a positive integer multiplicity assigned to each element.
Equivalently, it is a set S, together with a function f : S! N f Og.

A multiset can be written down in several ways:
" by listing an element of the setm times if it has multiplicity m;

" by writing the multiplicity as a superscript on the element; (This method can sometimes lead to
confusion.)

~ by writing down the function f.
Example 3.5.3. Here are several ways to write the multiset with three 4's, one 5, and two 6's:
" 14,4,4,5;6;69 or f4;5;4;6;4; 69 (the order does not matter).

" f4 3,5 1,6 2g Warning! The 4 3 written here does not mean 4 raised to the power 3. It means
that 4 occurs 3 times in the multiset.

" The function f : f4;5;6g! N with f(4)=3, f(5)=1, and f (6) = 2.

Notation 3.5.4. The number of multisets of sizek whose elements are chosen fromhl;2;3;:::;ng is

sometimes written | . We pronounce this symbol \n multichoose k" or \ n choosek with repeats”.

3.5.1 Counting multisets with sticks and stones

To count the number of multisets of a certain kind, we use what we call the \sticks and stones" method. (In
other sources, this is sometimes called the \stars and bars" method.) We illustrate this method rst with
an example.
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Example 3.5.5. Suppose we have an unlimited supply of 5 kinds of fruit: apples, bananas, mangoes,
oranges, and pears. Let's write them as A, B, M, O, and P for short. How many ways can we make a bag
of 6 fruits?

Such a bag can be described as a multiset, for instancéA; B; B; M; M; P g. An alternative way to write
this multiset is with a string of sticks (written j) and stones (written ). The stones represent fruit and the
sticks are dividers between di erent types of fruit (say in alphabetical order A, B, M, O, P). So the multiset
fA;B;B;M;M;P gis written

gl
The rst stone indicates that there is one apple, then the next two stones indicates that there are two
bananas, and so on. There are no stones between the last two sticks because there are no oranges in the bag.

Each bag can be written using six stones and four sticks. There are 4 sticks because there are 5 types of
fruit to separate. On the other hand, every string of six stones and four sticks describes a bag of fruit. For
example, the string

i i
describes the bag M; O; 0;0;0;Pg.

In this way, there is a 1-to-1 matching between the bags and the strings. So to count the number of bags
of six fruits (with ve kinds of fruit), we can count the number of strings of 6 stones and 4 sticks This is
equal to the number of ways to choose 6 positions out of 10 possible positions for the location of the stones.
The sticks are then placed in the remaining 4 positions. Thus the answer islg =210.

Example 3.5.5 illustrates several facts. First, the number of multisets of siz& whose elements come from
a xed set of sizen equals the number of combinations ofk elements from a set ofn elements where order
does not matter but repeats are allowed. Recall that we write | to express this quantity.

Second, this number can be re-expressed as the number of ways to write a string fstones andn 1
sticks. Third, this number equals the number of ways to choosek locations for stones out ofk + (n 1)

locations for sticks and stones. We state this more formally in the next theorem.

Theorem 3.5.6. The number of multisets of sizek in which every element is chosen from an alphabet of

sizenis "tk 1

k
More generally, p = ””lf ! is the number of ways to choos& objects from n objects, where order does

not matter and repeats are allowed.

Proof. We can write the multiset as a string of k stones andn 1 sticks, where then 1 sticks separate
the n types of possible elements of the alphabet in some chosen \alphabetical order". Then there are
n 1+k=n+k 1 total sticks and stones in the string. We count the number of ways to choose

which k of the positions in the string contain a stone (as opposed to a stick). There are therefore””lf !
possibilities. O
Remark 3.5.7. By the symmetry of binomial coe cients, ”*,': = ”; kll ; this corresponds to choosing

the location of the sticks instead.

Using Theorem 3.5.6, we can include the formula in the lower left portion of the table and thus complete
the table for counting combinations.

Number of ways to choose k objects from an n objects

Order doesn't matter Order matters

n!

Repeats not allowed m R

3

Repeats allowed ekl nk
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Example 3.5.8. A store sells 6 colors of balloons. How many di erent ways can you buy 10 balloons?

Answer. We want to choose a collection ofk = 10 balloons, out of an unlimited supply of n = 6 colors of

: 6 _ 6+10 1 _ 15 _
balloons, so the answer is ;; = 10 = 1o =3003.

Example 3.5.9. When Student C orders the large sundae, there ar& = 15 scoops andn = 10 avors, S0
the number of possibilites is 72 ' = 2 = 1,307,504 dierent sundaes they can order | they will
have to order about 3,593 sundaes a day to make sure they try every one in a year!

3.5.2 A variation: choosing at least one of each type

In Example 3.5.9, that is far too many sundaes for the students to eat every day! What if instead they
wanted to order their sundae so that there was at least one scoop of each avor?

The rst 10 scoops are determined (one of each avor). So student now needs to choos&® =5 more
scoops from among then®= 10 avors. So the number of choices is 1; = 2;002 sundaes to order - about 6
sundaes a day!

Corollary 3.5.10. Let m n. The number of ways to choosen elements from ann-element set where
order does not matter, repeats are allowed, and at least one of each of theelements is chosen is 11 .

Proof. We start by picking one of each element. Then we must pickn n additional elements from the n
possibilities, where repeats are allowed and order does not matter. By Theorem 3.5.6, the number of ways
to do this is

n+(m n) 1 _ m
m n m
By the symmetry of binomial coe cients, ™ ' = lm(ni = o L. O

Example 3.5.11. A store sells 6 colors of balloons. How many di erent di erent bouquets of 10 balloons
are there that contain at least one balloon of each color? In this casen = 10 and n = 6. Hence the number

'« 101 _ 9
ofwaysis ¢ ;7 = ¢.

3.5.3 Using multisets to solve distribution problems

One application of the multiset counting formula is to count the number of ways to distribute a number of
identical objects between a group of people.

Corollary 3.5.12. The number of ways to distributek identical pennies ton people is ”*'; b
Proof. Label the people by the lettersAy;:::; An. SupposeS is a multiset of sizek, whose elements are the
letters A1;:::;An. Then we can distribute the pennies in this way: for 1 i n, the number of pennies
that person A. receives equals the number of times tha#\; is included in the multiset. Conversely, given a
way of distributing k pennies to then people, we can create a multiseS of sizek from fA;:::;A,g so that
the number of times A; is included in S equals the number of penniesA; received. So the number of ways
to distribute k pennies ton people equals the number of multisets of siz& from a set of sizen; this equals
n+X 1 by Theorem 3.5.6. O
Example 3.5.13. When k = 5 and n = 4, for the multiset fA1;A1;A3;As;A40, person A; receives 2
pennies, personA, receives 0 pennies, persois receives 1 penny, and persom\, receives 2 pennies. As
another example, if personA, receives all the pennies, then the multiset isf A,; Az; Az Az Azg.
— +k 1 _ 45 1 _ 8 _

The number of ways to distribute k = 5 pennies to n = 4 people is "* ¢ = s = = ¢ =56 ways.

A further variant of distribution problems is to count compositions meaning lists of nonnegative integers
with a xed length and sum.
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Example 3.5.14. How many di erent ordered lists of 4 nonnegative integers have sum equal to 9? Examples
include (4;0;2; 3), (0;4,;2;3), and (0;0;0;9). These are calledcompositions of 9 of length 4.

Such a composition encodes a way to distributék = 9 identical pennies to n = 4 people, where the rst
number on list indicates the number of pennies to person 1, the second is the number of pennies to person
2, and so on.

4 4+9 1 12

Therefore there are § = 9 = = g =220 compositions of 9 of length 4.
Corollary 3.5.15. If m n, the number of ways to distributem identical pennies ton people, so that each
person must receive at least one penny, is™ | .

Example 3.5.16. The number of ways to distribute m = 9 identical pennies to n = 4 people so that each
person gets at least one is} 1 = 5 =56.

Example 3.5.17. How many di erent ordered lists of 4 positive integers have sum equal to 9? Examples
include (3;2;1;3), (1;2;3;3), (2;2;2;3), but not (4;0;2;3) as 0 is not positive.

In this case, by subtracting 1 from each of the elements of the list, it is the same as the number of
compositions of 5 of length 4. This matches the problem in Example 3.5.13 and is therefore 56.

Exercises
1. In each of the questions below, there are 7 types of sushi (each costing 1 dollar).
(2) How many ways can you spend $3 on sushi?

(b) How many ways can you spend $10 on sushi?
(c) How many ways can you spend $10 on sushi if you want at least one piece of each type?

2. How many ways can you distribute 14 pennies to 6 kids?
3. How many ways can you distribute 14 pennies to 6 kids if each kid gets at least 2?

4. You want to buy a bag of 15 lollipops and there are 5 dierent avors to choose from. How many
di erent bags can you make? How many di erent bags can you make if you must have at least one of
each avor?

5. You want to order a tray of 20 tacos and there are 4 di erent types to choose from. How many di erent
trays can you order? How many if the tray must contain at least one of each type of taco?

6. You want to make a bouquet of 50 balloons, and there are 10 dierent colors to choose from. All
balloons of the same color are the same, and there are an unlimited number of balloons of each color.
How many di erent bouquets can you make? How many if the bouquet must include at least one of
each color?

7. A store sells bouquets of 5 kinds of owers. How many ways are there to make a bouquet of 12 owers?
How many ways if the bouquet must include at least one of each kind of ower?

8. Counting Rocks! How many di erent ways can we place 10 identical rocks into 4 labeled bins, if each
bin must contain at least one rock?

9. How many ways are there to distribute 10 identical pieces of paper to students, b, and c? The only
requirement is that all 10 pieces of paper need to be handed out.

10. How many ways are there to paint 6 identical picture frames with 3 colors if each color must be used
at least once? LetG be green,Y be yellow andB be blue; then YYGGBB is the same as YGYGBB
since the frames are identical.

11. Find the number of ways to distribute 20 candies to 5 studentsa; b; c; d; eif:
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(a) the candies are identical.
(b) the candies are identical and every person receives at least one.

12. Explain why Corollary 3.5.15 is true.

3.6 Summary

The major results in this chapter are the counting formulas in this table.

Number of ways to choose k objects from n objects

Order does not matter Order matters

Repeats not allowed

< 3
—~|
=}
x|
=]

Repeats allowed K n

3.7 Additional problems for Chapter 3

1. How many di erent strings are permutations of the letters in PILLOW? For example, LOPILW is one
such permutation.

2. Baseball team A has 7 pitchers, and baseball team B has 5 catchers. The two teams have agreed to
make a trade of the following form: 3 of team A's pitchers will be traded for 2 of team B's catchers.
The local newspaper decides to make a ranked list of their top 4 favorite possible trades of this kind.
How many di erent ranked lists can the newspaper make?

3. How many ordered strings with 10 symbols are there if exactly 7 symbols are numbers (0{9) and exactly
3 symbols are letters &{z)? The string abcl222233 is di erent from 122a3b322.

4. Counting Rocks! Find the number of ways to give 20 rocks to 12 studentsa through | if:

(a) the rocks are identical.
(b) the rocks are identical and every student receives at least one.

(c) the rocks are all di erent and there are no restrictions. For example, one student can receive all
20 rocks.

5. How many di erent DNA sequences (whose alphabet consists of the letters A,C,G, and T) of length 5
are there?

6. How many di erent strings of four distinct letters from the English alphabet (which has 26 letters) are
there?

7. How many binary strings of length 8 have the same number of 0's as 1's?
8. How many strings of length 7 from the alphabet 0,1,2 have exactly three 0's?
9. How many strings of length 7 from the alphabet 0,1,2 have less than three 0's?

10. How many ways can you roll a sum of 13 with three six-sided dice? A die is a cube with 6 faces where
each face contains one of the numbers 1 through 6.
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3.8 Investigation: Counting problems in the game of poker

One day after Math 301, several students decide to play a friendly game of poker. During the game, one of
them asks \How many ways are there to get a full house?" Stumped by this question, the students turn to
their detailed notes from class to solve this problem.

Before we solve this problem, we rst will introduce some vocabulary about playing cards. If you already
are familiar with the game of poker, you can skip the next subsection.

Facts about cards and poker

Poker is a card game played with a standard deck of 52 cards. The cards can be sorted into fosuits ,
labeled by the symbols~;+ ;} ;and | , called hearts, spades, diamonds, and clubs, respectively. There are
13 cards in each suit (quick check: 134 = 52). The cards in each suit are labeled with values, from least
to greatest, 2,3,4,5,6,7,8,9,10, J=Jack, Q=Queen, K=King, A=Ace=1. The set of cards held by a player is
called ahand . Typically a hand contains ve cards.

Example 3.8.1.
This hand contains the Ace of spades, the 10 of hearts, the 7 of diamonds, the 7 of clubs, and the Queen
of diamonds.

Another term used in many card games is called a run. Arun is a set of three or more cards with
consecutive values where the suit does not matter: for example, the collection~3 4+ ;5 is a run of three
cards, and 9-;10 ;J| ; Q| ;K} is arun of ve cards. An important note is that an Ace can be either the
lowest or highest card in a run (but can not be in the middle of a run). An example where the Ace is \high"
is (Q] ;K} ;A} ) and an example where the Ace is \low" is (A ;2~;3~). This set of three cards is not a
run: K~;A} ;2 .

In this class, you do not need to know how to play poker. We just want to count the number of ways
to make di erent hands of ve cards. In the following manual, we will describe each hand of poker, give an
example, and explain the method of how to count that hand.

Poker Hands

Royal ush

De nition of hand: A run consisting of an Ace, King, Queen, Jack, and 10, all of the same suit.
Example hand:

Number of hands: i =4:

Combinatorial proof: The values on the cards are determined. Therefore, we just need to choose one of four
suits.
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Straight ush

De nition of hand: A straight is a run of ve cards. A ush means all of the cards are of the same suit.
Example hand:

10 4
Number of hands: 1 1 4 = 36:
Combinatorial proof: We need to choose the value of the starting card and the suit of the run (the other four
values and suits are then determined). There are 10 ways to begin the run (Ace through 10) and four suits
to choose. However, if we start the run with a 10, we would have a royal ush, so we subtract the number of
royal ushes to get the answer. Note that if we tried to start a run with a Jack, we would not have enough

cards, since Aces end runs.

Four of a kind

De nition of hand: A four of a kind consists of four same-valued cards and any other card.
Example hand:

Number of hands: 113 418 =624

Combinatorial proof: We rst pick a value for the four cards. Then, we choose the other card in the hand;
since we chose 4 cards already, there are 524 = 48 cards left in the deck.

Full House

De nition of hand: This hand contains three cards of one value and two cards of a second value.
Example hand:

13 4 12 4
Number of hands: 1 3 1 2 =3,;744

Combinatorial proof: First, choose the value of the card in the triple and choose 3 suits for those 3 cards.
Then, from the remaining 12 values left, choose the value for the pair, and choose 2 of the four suits for
those two cards.
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Flush

De nition of hand: A hand is a ush if all ve cards have the same suit. The only restriction is that the
hand cannot be a run of ve cards (or else this would be a straight or royal ush).
Example hand:

Number of hands: i 153 40 = 5;108

Combinatorial proof: We rst choose a suit for the hand. Then, we choose 5 values from the 13 possible
values. However, some of these hand combinations could be straight or royal ushes, so we must subtract
the total number of these two hands to get the answer.

Straight

De nition of hand: A straight is a run of ve cards consisting of at least two suits. If they were all the same
suit this would be a straight or royal ush.
Example hand:

5
Number of hands: 110 411 40 = 10; 200

Combinatorial proof: We need to pick the value of the starting card and a suit for each card. There are 10
ways to begin the run and four suits to choose from for each card. However, some of these hands are straight
and royal ushes, so we subtract o the total number of those.

Three of a kind

De nition of hand: A three of a kind consists of exactly three same-valued cards and two other cards with
distinct values. If the two other cards were the same value, this would be a full house.
Example hand:

13 4 ¢4
1 3 2!
Combinatorial proof: First, we choose the value for three of the cards and their three suits. We then choose
the remaining two cards from the deck: the rst is chosen from the remaining 48 cards in the deck (since
we need to remove the possibility of a four of a kind); the second is chosen from the remaining 44 cards in

Number of hands:

=54;912
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the deck (since we need to remove the possibility of a full house). However, notice that the order in which
we choose the last two cards does not a ect the overall hand (for example, choosing-4then 9~ gives the
same hand as 9 then 4~). So, we divide by 2!.

Two pairs

De nition of hand: This hand consists of three values: two pairs and a third card of a distinct value.
Example hand:

13 4
Number of hands: 5 5 1 1 = 123;552

Combinatorial proof: First choose two values for the numbers that will be in pairs. Once these two values
are chosen (for example king and 10), one of them is larger. Choose two suits for the pair with the larger
number. Choose two suits for the pair with the smaller number. In order to avoid having three of a kind,
we choose the number for the last card from the remaining 11 values. Finally, we choose the suit of the last
card.

Pair

De nition of hand: Exactly two values are identical (di erent suits), all other cards are di erent values. For
example, consider having 4 ; 4+ ;6} ;K| ;J} . If the other three cards were the same, this would be a full
house. If they contained an additional pair, it would be a two pair. If they contained the same value(s) as
the rst pair, it would be a three or four of a kind.

Example hand:

13 4 48 44 40

. 1 1 1 _q.
Number of hands: 1 5 3 1;098 240

Combinatorial proof: First, we choose the value and suits in our pair. Then, we choose the remaining 3 cards
| we start with 48 remaining cards in our deck (or else we would risk having three or four of a kind), then
44 cards (or else we would risk having two pairs), then 40 (again we would risk having two pairs). However,
notice the order in which we draw the cards does not matter, so we divide by 3! to get the nal answer.

High Card

De nition of hand: This hand is none of the above hands.
Example hand:
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Number of hands: 1;302 540
Combinatorial proof: Left as an exercise.

Exercises
1. (a) In your own words, explain how to count how many 4-of-a-kind poker hands there are. (Recall
that we consider the handsK ~;K} ;Ke ;K| ;2} and 2} ;Ke ;K| ;K} ;K~ to be the same.)
(b) What fraction of all possible poker hands are 4-of-a-kinds?

2. (a) In your own words, explain how to count how many di erent pair poker hands there are.
(b) What fraction of all possible poker hands are pair poker hands?
3. (&) In your own words, explain how to count how many di erent two pair poker hands there are. A

two pair consists of a pair of cards of one value, another pair of cards of a di erent value, and
then a fth card of a distinct value.

(b) What fraction of all possible poker hands are two pair poker hands?
4. (a) In your own words, explain how to count how many di erent full house poker hands there are. A
full house consists of triple of cards of the same value, plus a pair of cards of the same value.
(b) What fraction of all possible poker hands are full houses?

5. Find another way to count the number of ways a player could obtain the following hands:

(8) Three of a kind
(b) Two pairs
(c) Pair

Check your answers numerically.

6. Use the Inclusion-Exclusion Principle to compute the number of ways to get a High Card, as follows.
De ne the set A to be the set of all hands having at least two cards of the same number. LeB be the
set of all hands for which all cards are the same suit. LeC be the set of all straights. Then the set
of high cards is the complement ofA[ B[ C.

Calculate the number of high card hands and check your answer numerically.

7. The students decide to play poker with some revised rules. They now play with hands containing
4 cards instead of 5. Compute the number of ways a player can now have the following hands and
provide a combinatorial proof for each one:

(a) Four of a kind
(b) Three of a kind
(c) Two pairs

(d) Pair
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8. For the following questions, compute the number of ways a player can now have (i) a straight ush,
(i) a ush, and (iii) a straight, and provide a combinatorial proof for each one when:
(&) Aces only count as a high card (this eliminates A-;2| ;3} ;4| ;5 from counting as a run).
(b) Aces only count as a low card (this eliminates 10 ;J} ; Q| ;Ke ;A} from counting as a run).
(c) Aces can now be used in the middle of runs (this allows Q;Ke ;A} ;2| ;3} to count as a run).

9. For the following questions, we will use a modi ed deck.

(a) Suppose all of the cards with value 8 have been removed. How many ways can you obtain a
straight? Keep in mind 5| ;6~;7} ;9~;10 is not a valid straight.

(b) Suppose one of the Joker cards has been added to the deck as a free card (a card that can take

the place of any card). Compute the number of the following hands and provide a combinatorial
proof:

i. Four of a kind
ii. Flush
iii. Full House
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Chapter 4

Pascal's triangle and the Binomial
Theorem

The binomial coe cient E counts the number of ways to choos& objects from a set ofn objects (where

order does not matter and repeats are not allowed). In Theorem 3.4.1 (and Lemma 1.2.6), we proved that

n n! )
k ~ ki(n K

Binomial coe cients are extremely useful in combinatorics and arise in many di erent areas of mathematics

and applications. In Section 4.1, we study Pascal's triangle and Pascal's recurrence for binomial coe cients,
and describe applications to counting lattice paths. In Section 4.2, we describe their role as coe cients in
the Binomial Theorem. Sections 4.3 and 4.4 contain identities involving binomial coe cients. In Sections 4.5

and 4.6, we generalize to study multinomial coe cients and their applications to anagrams.

4.1 Pascal's triangle

Click on the icon at left or the link for the next few sections' short video lecture.

Pascal's Triangle

Pascal's triangle, named after the French mathematician/philosopher Blaise Pascal (1623{1662), provides
a way of quickly computing binomial coe cients for small values of n and k. The method is to construct an

in nite triangular chart in which the entry in the n-th row and k-th (diagonal) column is E , as follows.

63



The values in this triangle can be computed quickly using an identity known asPascal's Recurrence

Theorem 4.1.1 (Pascal's Recurrence) Supposen is a natural number.

(@) Then
n
=1 =1:
0 and
(b) If k is a natural number such that0 k <n, then
no, n _ n+1
k k+1 — k+1

Before proving Theorem 4.1.1, we provide some more explanation about it. Part (a) of Pascal's Recurrence
says that the numbers on both the left and right sides of the triangle are all 1, as seen below:

n=0: 1

n=1 1 1

n=2: 1 1

n=23: 1 1

n=4: 1 1
n=>5: 1 1
n=6: 1 1

Part (b) of Pascal's Recurrence says that the other numbers in the triangle are the sum of the two
numbers just above them (to the left and right). For instance, to nd the middle entry in the n =2 row, we
compute 2 =1+1.

n=0: 1

n=1 1 1

n=2: 1 2 1

n=3: 1 1

n=4: 1 1
n=>5: 1 1
n=6: 1 1

We can then Il in each entry, for each row in succession, by adding the pair of numbers above it. For
example, the 3rd entry (k = 2) in the n = 6 row is 15 = 5+ 10. Here are the rst six rows of Pascal's
triangle.

n=0: 1

n=1 1 1

n=2: 1 2 1

n=3: 1 3 3 1

n =4: 1 4 6 4 1

n=>5: 1 5 10 10 5 1
n=6: 1 6 15 20 15 6 1
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It is fast to compute the rst rows of entries in Pascal's triangle recursively, which provides a useful
alternative to the formula | = W

In the next lemma, we give another way to interpret Pascal's recurrence. Imagine placing a ball at the
top of this grid. It can fall along the diagonal lines, moving down either to the left or to the right. It can

not fall up.
Lemma 4.1.2. The entry E counts the number of possible ways the ball could have traveled to that location!

Proof. To reach the n-th row, the ball needs to fall n steps down, either to the left or right. To reach the
spot with the entry E , the ball needs to fall to the right k times. The route is given by a sequence of length
n, containing the letter R (for right) k times and containing the letter L (for left) n  k times. The number

of such sequences is; , since we need to choose whick entries of the sequence are the letteR. O

Lemma 4.1.2 gives another way to interpret Pascal's recurrence. Part (a) says that there is only one way
that the ball can fall to reach a spot along the outer diagonals. To reach a spot that is not on the outer
diagonals, the ball fell from the row above, coming either from the left or from the right. Part (b) says that
the number of ways the ball could have traveled to this spot is the sum of the ways it could have fallen to
those two spots in the row above.

Example 4.1.3. There is only one way for the ball to reach the entry g ; it is given by the route LLLL .

There are four ways for the ball to reach the entry ‘l‘ ; they are given by the routesLLLR , LLRL ,
LRLL , and RLLL .

Example 4.1.4. The blocks north of campus are on a grid system. Starting at the corner of Howes and
Laurel, the students need to walk two blocks north and three blocks west to reach the ice cream store. How
many ways are there to do this (without traveling south or east)? After rotating Pascal's triangle, we see
the answer is 10. We can write out these paths as

NNWWW; NWNWW; NWWNW; NWWWN; WNNWW,
WNWNW;, WNWWN; WWNNW; WWNWN; WWWN N:

Finally, we will prove Pascal's Recurrence algebraically. For a more elegant combinatorial proof, see
Example 5.3.3.

Proof of Theorem 4.1.1. To show (a), note that | = s = {%; = 1 since 0! = 1 by Remark 3.3.5.
Similarly, § = M =1

For (b), we compute:

n + n _ n! . n!
k k+1 kin k)  (k+1(n k 1)
_n! (k+1) N n' (n k)
T (k+1)!(n k) (k+1)!(n k)
_nl(k+1+ n k)
o (k+1)!(n k)
_ n!(n +1)
T (k+Di(n+1 (k+1)
(n+21)!
(k+1)(n 1 (k+21)!
n+1
k+1
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Exercises

1.
2.
3.

10.

Compute the rowsn =7 and n = 8 in Pascal's triangle.
Which entries in Pascal's triangle are odd?

Suppose ", =120 and "' =330. Whatis | ?
Hint: The best way to solve this problem does not require you to nah or k.

. Find all the routes the ball could fall to reach the entry ‘2‘ in Pascal's triangle.

. How many paths of lengthm + n are there from the lower left corner to the upper right corner in an

m n grid? (Paths can only trace along edges of the squares of the grid.)

. If pis a prime numberand 1 k p 1, explain why ? 0 mod p.

. Starting at the corner of Howes and Laurel, how many ways are there to walk four blocks north and

two blocks west (without traveling south or east)?

. Counting Rocks! You have 7 di erent rocks and you want to loan some of these to a friend, who needs

at least 2 rocks. How many ways are there to do this?

. Remember how a ball can fall through the grid system of Pascal's triangle. We suppose that the ball

has an equal probability of falling down to the left or to the right. Compute the probability that the
ball lands at the 3rd spot in the 5th row (with the outer diagonal being the casek = 0). Write your
answer as a decimal number between 0 and 1.

A ball falls through the grid system of Pascal's triangle and lands on the 10th row. Write a 2-3 sentence
explanation of why the ball has a 50% probability of landing in a spot wherek is even.

4.2 The Binomial Theorem

One of the most important applications of Pascal's triangle and binomial coe cients is the expansion of a
power of a binomial. Starting with a binomial x + vy, let us consider its rst few powers:

(x+y)°=1;

(x+y)t=x+y;

(x+y)? = x*+2xy + y%;

(x+y)% = x*+3x%y +3xy® + v

(x+ y)* = x* +4x3y + 6x%y? + 4xy3 + y*:

The coe cients of these expansions are the numbers in Pascal's triangle! The pattern becomes even more
clear if we align them this way:

(x + y)°: 1

(x + y)t: X +

(x + y)2: x2 + 2xy + y?

(x+y)% x2  +  3x%% o+ 3xy? +

(x + y)*: x4+ 4x3y o+ 6x%y? o+ 4xyd o+ oy

Indeed, if we ignore thex's and y's in the table above, the coe cients are precisely the numbers in Pascal's

n

triangle. This is why the numbers | are called binomial coe cients.
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Remark 4.2.1. Some students are familiar with the “foil' ( rst, outer, inner, last) method to compute the
casen = 2:
(X+Y)?=X X+y X+x y+yy:

Later in this section, we will generalize this, in a way that could be called a “giant foil method'.

We now can state the pattern of the coe cients as the Binomial Theorem , one of the oldest named
theorems in mathematics, rst discovered by the Persian mathematician and engineer Al-Karaji 953{1029.

Theorem 4.2.2. (Binomial Theorem) Let x and y be variables. Then the expansion ofx + y)" is

n n n n n
+ n— n 4 n11+:::+ nkk+:::+ 1n1+ n.
(x+y) 0 X 1 XY K Y a1 XY n Y

Proof. Note
(x+y)”:ﬁx+y) (x+y) (X+%§) o (x+y) (x+y?:
n times

In expanding this product, we need to take one entry from each term, multiply these entries together, and
then add all those products (‘the giant foil method'). For each of then terms (x + y), we have the option to
choose eitherx or y. Since there aren terms, the product of these will be a monomial of the formx" Xy
for some numberk. To produce the monomial x™ XyK in the product, we must choose the variabley for a
total of k times and then choose the variablex for the remaining n  k times. There are E ways to choose

k terms out of the n terms. So the coe cient of x" Kykis } . O

For example, if you expand  + y)1° and combine like terms, then the coe cient in front of x®y? will be
120 = 45. This comes from the fact that out of the 10 terms x + y being multiplied together, we need to
choose the variabley from 2 of them (and the variable x from the remaining 8 of them) in order to produce

the monomial x8y?2.

Remark 4.2.3. By combining the Binomial Theorem with Pascal's triangle, we can quickly expand powers
of the sum of two things! For instance, by reading rown = 6 from Pascal's triangle, we can immediately
deduce that

(x + y)® = x8 +6x5y + 15x*y? + 20x3y® + 15x%y* + 6xy° + yb:

By reading row n = 3 from Pascal's triangle, we can deduce that

(@2+50°% = (a?)?®+3(a?)?(5h) +3(a%)(5h)*+ (50)°
af + 15a%b+ 7522k + 125b°:

Exercises

1. Given a power ofx + y and a monomial in its expansion, nd the coe cient on that term using the
Binomial Theorem:

(@) (x+y)®and x?
(b) (x+y)° and x*y?
(c) (x+ y)® and x%°®

2. What is the coe cient of x°y2 in (x + y)8?
3. What is the coe cient of x?in (x 1)°?
4. What is the coe cient of x3in(x 1)(x 2)(x 3)(x 4)?

5. What is the constant coe cientin ( x 1)(x 2)(x 3)(x 4)?
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Expand (x + 2) ® by substituting y = 2 into the binomial theorem.
Expand (x 1)* by substituting y = 1 into the binomial theorem.

Expand (a? + 3b)* using the binomial theorem.

© © N o

What is the coe cient of a*k? in (a + 3)*?
10. For a real numberr, nd the coe cients of ( x r)", the polynomial whose only root isr.
11. The formulas of Vieta (1540-1603):
(a) Find formulas for S; and S, in terms of r; and ry if
(x r1) (x r2)=x% Six+ S
(b) Find formulas for S;;S;;S3 in terms of ry;ro;r3 if
(x r1) (x ra) (x r3)=x3 Six?+ Syx S

(c) Without expanding the product on the left side of following equation, make a conjecture about
the formulas for S;;S,;S3; S, interms of rq;ro;r3;ry if

(x r1) (x r2) (x r3) (x ra)=x* Six3+ SHx? Sex + Sy

12. (a) Show that:
(x+y)?2 x2+y?>mod2
(x+y)? x3+y>mod3
(x+y)® x°+y°>mod5:

(b) If pis aprime numberand1l k p 1, then by Exercise 6, ,F(’ 0 modp. Use this to show
that (x + y)P  xP+ yP modp.

4.3 First identities in Pascal's triangle

Some surprising and beautiful patterns appear in Pascal's triangle.

n=0: 1

n=1 1 1

n=2: 1 2 1

n=23: 1 3 3 1

n=4: 1 4 6 4 1

n=>5: 1 5 10 10 5 1
n=6: 1 6 15 20 15 6 1

The rst two patterns are easy to state.

" Symmetry. Recall that E = ”k by Corollary 3.4.5. This is illustrated by the re ective symmetry

n
about the vertical axis (through 1;2;6;20;:::) in Pascal's triangle.

~ Sums of rows are powers of 2.  For instance, the sum of the entries in then = 4 row of Pascal's
triangle is 1+4+6+4+1=16=2 “. In general, the sum of the entries in rown is 2",
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We can prove the second pattern using the Binomial Theorem. We rst re-state it using binomial
coe cient notation.

Proposition 4.3.1.  (Sums of rows) If n is a natural number, then

r]+ r|+ n+:::+ n:z“;
0 1 2 n

Proof. By setting x =1 and y = 1 in the binomial theorem, we see that

2ﬂ

@a+y"

n n n n
= 1"+ 1" 11+ 1" 212+ 1+ 1"
0 1 2 n

o S
= 5
N S

O

Building on Lemma 4.1.2 and Example 4.1.3, remember how a ball can fall through the grid system of
Pascal's triangle. Unless stated otherwise, we suppose that the ball has an equal probability of falling down
to the left or to the right. Here is a nice interpretation of the second pattern in terms of the falling ball.

Lemma 4.3.2. Suppose that the probability that the ball falls to the left is the same as the probability that
the ball falls to the right. Then the probability that the ball passes through the location labeled by the binomial
coecient | is  =2".

Proof. If the probability that the ball falls to the left is the same as the probability that the ball falls to the
right, then the probability of falling each way is 1=2. After falling n rows, the probability of each route is
1=2". The probability that the ball passes through the location labeled by the binomial coe cient E is the

number of routes it could have taken to that location divided by 2"; this gives a probability of E =", O

Remark 4.3.3. If the ball falls n steps, then it will land at one of the spots in the nth row. So the sum of
the probabilities of it landing at all the spots is 1. By multiplying each probability by 2 ", we see that this
reproduces the pattern given in Proposition 4.3.1.

Example 4.3.4. Building on Example 4.1.3, there is only one path for the ball to reach the entry g ; and

the probability that the ball passes through this location is 1=16; there are four paths for the ball to reach

the entry ‘1‘ and the probability that the ball passes through this location is 4=16 = 1=4.

Here is a third pattern in Pascal's triangle.

"~ Alternating sums of the rows are 0. For instance, in the n = 4 row, the alternating sum of the
entriesis1l 4+6 4+1=0. Ingeneral, the alternating sum of the entries in row n is zero.

The third pattern can also be proven using the Binomial Theorem. We rst re-state it using binomial
coe cient notation.

Proposition 4.3.5.  (Alternating sums of rows) If n is a positive natural number, then

(The sign alternates betweent and in the sum. The meaning of the coe cient is that the last term is
positive if n is even and the last term is negative ih is odd.)
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Proof. By setting x =1 and y = 1 in the binomial theorem, we see that

0o=@+( 1"
_ N n na 1 n .n2 2 n n s 3, ... n n
= I+ LD 1P 1 PP (D)
n n n n n
= + +
0 1 2 3 n

We will give another proof of Proposition 4.3.5 in Proposition 5.4.8.

Exercises

1. Counting Rocks! You have 14 rocks of di erent colors and you want to loan some of these to a friend.
Use the results in this section to answer the following problems.
(&) In how many ways can you do this if your friend needs at least two rocks?
(b) In how many ways can you do this if your friend needs an even number (possibly 0) of rocks?
2. Forn = 4;5;6, nd the sum of all the entries in the nth row of Pascal's triangle, excluding the two

entries on the outer diagonals and the two entries adjacent to those. Find a formula for this sum which
works foralln 4.

3. For0 k 5, compute the probability that the ball lands at the kth spot in the 5th row (with the
outer diagonal being the casek = 0).

4. Repeat the previous problem when the probability of falling down to the left is 1=3 and the probability
of falling down to the right is 2=3.

5. Label the entries of the nth row of Pascal's triangle by the numbersk = 0 to k = n. Assume the
probability of the ball falling left or right is the same. For n 1, in this problem, we will gure out
the probability that the ball lands on an entry where k is even.

(a) Compute this probability when n =5 and when n = 6.
(b) Make a conjecture for what this probability is in general.
(c) Explain why your conjecture is true using the symmetry pattern and Proposition 4.3.1.

4.4 Additional identities in Pascal's triangle

There are other patterns in Pascal's triangle which are more subtle. For the next pattern, consider the sum
of the squares of the entries in each row:

n=0: 1?2 =1
n=1 1?2 +12 =2
n=2 12 +22 +12 =6
n=3: 12 +32 +32 +12 =20
n=4 12 +42 +62 +42 +12 =70

These sums (12;6;20;70;:::) also appear in Pascal's triangle, as the middle entry in every row where is
even. This gives rise to pattern 4.
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Proposition 4.4.1.  (Sum of squares) Ifn is a natural number, then

n 2 n 2 n °? n 2 2n
+ ++ + =
0 1 n 1 n n
We will prove Theorem 4.4.1 in Proposition 5.3.4.
The fth pattern is known as the hockey stick identity , because the set of binomial coe cients involved

in the pattern traces out the shape of a hockey stick in Pascal's triangle.

Proposition 4.4.2.  (Hockey stick identity) Supposen is a positive integer andm is a non-negative integer.
Version 1:

n n+1 n+2 n+m n+m+1
+ + + + =
0 1 2 m m
Version 2:
n n+1 n+2 n+m n+m+1
+ + + + =
n n n n n+1

The second version of the hockey stick identity is obtained from the rst by applying the rst pattern,
symmetry, to each binomial coe cient. We will prove Theorem 4.4.2 in Proposition 5.2.10.

Example 4.4.3. We illustrate the rst hockey stick identity.
“1fn=2;m=0, then1=1.
“Ifn=2;m=1,then1+3=4,

" Ifn=2;m=2,then1+3+6=10.
" 1fn=2;m=3,then 1+3+6+10 = 20.
“Ifn=2;m=4,then1+3+6+10+15=35.

We can see version 1 of the hockey stick identity whem = 2 and m = 4 traced out in circles in the
following image:

n=0 1

n=1 1 1

n=2 (D 2 1

n=3 1 (3) 3 1
n=4 1 4 (6) 4 1

Exercises

1. Draw the example of version 2 of the hockey stick identity on Pascal's triangle whem =2 and m = 4.

2. Whenn =2 and m = 4, explain why the hockey stick identity version 1 is true using Lemma 4.1.2.
Speci cally, separate the 35 paths which end at the binomial coe cient Z into sets of paths of sizes
15;10; 6; 3;1 in a natural way.
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3. (Application to probability theory) The chi-square distribution of Xo;:::; X, is Qn = X3+ X2.

() For n=1;2;3;4;5, use Proposition 4.4.1 to compute the chi-square distributiorQ,, of the binomial
coe cients in the nth row of Pascal's triangle.

(b) As n gets larger, what happens to the chi-square distributionQ, ?
(c) What is nIllrln Qn? Explain your answer.
4.5 Counting anagrams with multinomial coe cients

The next two sections are aboutmultinomial coe cients , a generalization of binomial coe cients.

Click on the icon at left or the link for the next two sections' short video lecture.

Multinomial coe cients

We start with one application of multinomial coe cients, which is to count anagrams.
De nition 4.5.1.  An anagram is a rearrangement of the letters in a word.
An anagram is di erent from a permutation, because some letters can occur in a word multiple times.

Example 4.5.2. For example, let's consider the permutations of the word ZOO. Typically, the number of
permutations of three letters is 3! = 6. However, two of the letters in ZOO are the same. After we label the
two O's asO; and O, the six permutations are:

20,0, 20,04
0,20, 0,20,

However, the number of anagrams is half of 6, since each anagram of ZOO appears 2 times on this list.
Recognizing that each row gives a di erent anagram, we can list the 62 = 3 anagrams of the word ZOO.
They are: ZOO, 0OZO, and O0OZ.

Example 4.5.3. The word SASSY has 20 anagrams. Typically, the number of permutations of ve letters
is 5! = 120. In the list of these permutations, each anagram is written 3! = 6 times, corresponding to the
rearrangement of the three S's. So the number of anagrams is=3! = 20.

Example 4.5.4. How many anagrams are there for FORTCOLLINS? One approach is to say that there are
11 letters in total, but two of these are L and two of these are O. So in the list of 11! permutations of the
letters, each word is written four times (the three extra times correspond to switching the locations of the
two L's, switching the locations of the two O's, and switching both the two L's and the two O's). Hence the

total number of anagrams is 11#4.

Example 4.5.5. Let W be a binary string of length n, having k zeros andn k ones. Then the number of

anagrams ofW is || because the anagram is determined exactly by the location of thé& zeros.

The same ideas from the previous examples lead to the following de nition and theorem:

De nition 4.5.6. Let n be a natural number. Letky;:::;kmn be m positive natural numbers such that

Let W be a word with n letters of m di erent types, in which the letter of type i appearsk; times, for
1 i m. The multinomial coe cient

is de ned to be the number of anagrams ofWw.
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Theorem 4.5.7. The multinomial coe cient has the following formula:

ki Km - ki! ko! ::: km!: (4.1)

We prove Theorem 4.5.7 in Section 4.6.
Example 4.5.8. How many anagrams are there for the word MISSISSIPPI? In this case = 11, m = 4,

ky =4 (the I's), k, =1 (the M), ks =2 (the P's) and k4 =4 (the S's). So the answer is 114! 1! 2! 4).

Exercises

1. How many anagrams does the word BANANA have? For example, NABNAA and NANABA are two
anagrams of BANANA.

How many ways can you rearrange the letters in the word MOON?
How many anagrams does the word HORSETOOTH have?

How many anagrams does the word TENNESSEE have?

o > LD

Consider all anagrams of the word SPEEDED. How many ways are there for you to make a ranked list
of your top 5 favorite anagrams, numbered #1 to #5, of SPEEDED?

6. How many paths are there from (Q0; 0) to (3; 4; 5) in three-dimensional space, using only unit steps in
directions (1; 0;0), (0; 1;0), and (0; 0; 1)?

7. Supposem = 2. Show that kl’.‘kz is the familiar binomial coe cient knl and show that the formula

in (4.1) is the same as the formulaW found in Lemma 1.2.6 and Theorem 3.4.1.

4.6 Ordered set partitions and the multinomial theorem

Recall that the binomial coe cient E counts the number of ways to choose a subset of sizefrom a setS

of sizen. A di erent way to think of this is that we are separating the set S into two parts: the k elements
that are chosen, and then k elements that are not chosen. What happens if we want to separate the set
S into more than two parts?

Example 4.6.1. Suppose there are 7 dierent fruits in your refrigerator. You want to eat two fruits on
Monday, three on Tuesday (since that is your workout day), and two on Wednesday. In how many di erent
ways can you choose which fruits to eat on each day?
One way to solve this problem is to successively count possibilities for each day. On Monday, there are
; ways to choose which two fruits you eat. On Tuesday, there are 5 fruits left, so there areg ways to
choose which three fruits to eat. On Wednesday, there are 2 fruits left, so there is onlyg =1 way to choose
the remaining fruit. So the total number of possibilities is

7 5 2 7 5 20
2 3 2 215 32 210

Note that many of these factorials cancel, and we can express the result more simply as

71

o3z 210

In the next de nition, we generalize De nition 2.9.1, by replacing a set partition by an ordered set
partition .
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De nition 4.6.2.  An ordered set partition  of a setS is a collection of non-empty subsetsB;;:::;Bm
of S, such that the intersection of any two of them is trivial and such that the union of all of them is S.

In other words, the ordered set partition separates the elements of into subsetsB;;:::; By, with no
overlap. The setsB1;:::; B are called theblocks of the ordered set partition.
Theorem 4.6.3. The number of ordered set partitions of ann-element setS into blocks of sizeky; ky;:::; km

n n!

Kiiiioke o kgl ko! km!:

as follows. There are k”l = ”7' ways to choose the rst block B;. Out of the remaining n  k;

elements, there are ", ki = % ways to choose the next blockB,. If m 3, there are
2 2/(n ki kz)
% ways to choose the third blockB 3, and so on. Multiplying these together, all the factorials

cancel except forn! in the numerator and the terms ky!;:::; k! in the denominator. The result follows. [

n k1 kz
k3

Example 4.6.4. In Example 4.6.1, the setS is the set of fruits in your refrigerator, m = 3, and B;;B;; B3
are the sets of fruit you will eat on each day (in order). Alson =7, k; =2, k, = 3, and k3 = 2. So the

number of ordered set partitions is ,.;., = 210.

Example 4.6.5. Suppose we have 11 di erent presents, and we would like to give 4 to persom then 1 to
personb, then 2 to personc, then 4 to persond. The number of ways we can do this is

11 11!

4124 ~ amgm 24050

In the next remark, we compare anagrams with ordered set partitions. We will use this to prove Theo-
rem 4.5.7.

Remark 4.6.6. Supposen = k; +  + k. SupposeW is a word of length n having k; copies of the letter

aj, forl i m, where the letters are taken in alphabetical order. Anagrams ofW are directly related to
ordered set partitions of the setS = f1;:::;ng. Here is how that works.
Given an anagram of W, we can make an ordered block partition as follows: for 1 i m, nd the

positions of the ith letter and put those numbers in the block B;. For example, consider the anagram
IMSSSPIIPSI (of MISSISSIPPI): the I's are in positions 1,7,8, and 11, the M is in position 2; the P's are in
positions 5 and 9; and the S's are in positions 3,4,5, and 10. From this, we make the ordered set partition
with blocks B; = f1;7;8;11g, B, = f29, B3 = f5;99, and B4 = f 3;4;5; 10g. Conversely, given an ordered set
partition with blocks B; of sizekj forl 1 m, we can make an anagram of the wordV, by putting the ith
letter in the positions numbered by the elements in the blockB;. For example, the blocksB; = f2;5; 8; 11g,
B, = fl1g, B3 = f9;10g and B4 = f 3; 4; 6; 7g gives the original spelling of MISSISSIPPI.

Proof. (Proof of Theorem 4.5.7) By Remark 4.6.6, the number of anagrams dfV is the same as the number
for the number of these. O
The next example illustrates the di erence between an ordered set partition and a set partition.

Example 4.6.7. Suppose there are 12 students in a class.

1. How many ways can they be separated into 4 groups of 3 who will be assigned to present homework
solutions on Monday, Tuesday, Wednesday, and Thursday?

2. How many ways can they be separated into 4 groups of 3?
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Answer. 1. Each assignment is an ordered set partition of the 12 students into block81;:::; B4 of size
three (speaking on Monday, Tuesday, Wednesday, Thursday respectively). So the answer is

12 121
3,333 3 3 3 3

2. This is a set patrtition since the blocks of students are not assigned to di erent days of the week. There
are 4! ways to order the 4 blocks. So we divide the answer to part (1) by 4!.

As a nal application, we see what happens if we take a power of a sum of more than two variables. The

answer to this question is why the expression kl..f‘__k . is often called amultinomial coe cient .

Example 4.6.8. The third power of x+ y+ z is
(x+y+2)°%=x3+y3+ 22 +3x%y +3xy? +3x%z + 3xz? + 3y?z + 3yz? + 6xyz:
The coe cients of this expansion are all examples of multinomial coe cients.

Here is the Multinomial Theorem , which directly generalizes the Binomial Theorem from Theo-
rem 4.2.2.

Theorem 4.6.9. Consider the expansion of(x; + X, + + Xm)". The coe cient of x‘f x‘ﬁnm is the

multinomial coe cient kl...'.‘.k oo In other words,

X n
Ki; s Km

X1+ X2+  +Xm)"= xkr o xkm

Ki+:i+Kkm=n
For example, the term 3x?y in the above expansion of K + y + z)2 can be written as X2y'z°, which does
indeed agree with the multinomial coe cient
3
=3:
2,1,0

The following proof is quite dicult and it is alright for you to come back to it after gaining more
experience with proofs.

Proof. We can count how many ways to obtain the monomialxX*  xkm by multiplying terms in the expan-
sion as follows. We label the factors of X1+ x2+  +Xxm)" by F1;:::;F,. (Each factor equalsx;+ Xa+  +Xpm

set of the n factors. To make the monomialx'{1 xﬁqm in the product, we need to choose the variablex;
from k; of the factors, then choose the variablex, from k» of the factors, and so on. This forms an ordered
set partition of S with sizeski;kz;:::;kmn, and so the result follows by Theorem 4.6.3. O

Exercises

1. Find the number of ways to give 20 pillows to 12 studentsa through | if the pillows are all di erent
and we give 2 pillows to each of students; b; c;d; e; f;g;hand 1 pillow to each of studentsi;j; k;I .

2. How many ways are there to assign the 12 months (Jan-Dec) to three nurses b, and ¢ so that each
worker gets four months of \on call" duty?

3. Five siblings decide that one of them needs to call their mother every day of the year. How many ways
are there to distribute the 365 =5 73 days of the year among themselves so that each of them makes
73 calls? Write out the formula, but do not gure out the actual number of ways.
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4. Nine friends are going to a math conference! The friends will share three hotel rooms, where the rst
hotel room ts 4 people, the second ts 3 people, and the third ts 2 people. They are all staying
in the hotel for 5 nights and are allowed to rearrange rooms every night. (Repeating the same room
assignments for di erent nights is allowed). In how many di erent ways can the 9 friends create a
5-night schedule of room assignments? Write out the formula, but do not gure out the actual number

of ways.

5. You have eight di erent decorative Halloween stickers (a witch, a ghost, a pumpkin, a skeleton, a
vampire, a mummy, a bat, and a black cat) and four windows to decorate them with. In how many
ways can you put two stickers on each window?

6. How many ways can you put 16 di erently-colored billiard balls into the six di erent pockets of a pool
table so that each corner pocket gets 3 balls and the two middle pockets get 2 each?
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4.7

Investigation: Combinatorial problems on a chessboard

The problems in this section take place on a chess board. If you know the basics of chess pieces, you can
skip the next remark.

Remark 4.7.1. A chess board is an 8 8 board tiled in 1 1 squares, colored black and white, so that no
black square shares an edge with a white square (and vice-versa).

Chess is a game for two players which takes place on this board. Each player starts the game with pieces:
1 king, 1 queen, 2 rooks, 2 bishops, 2 knights, and 8 pawns. One player's pieces are gold and the other's are
silver. Any game piece can be placed on any square of the board, regardless of material and color.

Each type of piece can move in di erent ways. During a turn, a rook can move to any square in the
same row or the same column that it started the turn on. During a turn, a queen can move to any square
in the same row, column, or two diagonals that it started the turn on. Two rooks of di erent materials are
attacking each other if one of them can move to the square of the other in one move. Similarly, two queens
of di erent colors are attacking each other if one of them can move to the square of the other in one move.

In some of the problems below, we are working with rooks made from di erent materials, with an
unlimited supply of rooks made from each material. To make everything in the following problems precise,
it is also important to note that the chess board is glued to the table so it cannot be turned over or rotated.

1.

How many ways are there to place two gold rooks and two silver rocks on the board (with no other
game pieces):

(a) so that no square has more than one rook on it?

(b) so that no square has more than one rook on it and no gold rook is attacking a silver rook?

. What is the largest number of rooks (of the same material) that can be placed on the board so that

no two are in the same row or in the same column? How many ways can these rooks be placed on the
board?

. Show that it is possible to put 16 rooks (four gold, four silver, four titanium, and four diamond) on

the board, so that no pair of rooks with di erent materials is attacking each other. How many ways
can this be done?

. (The peaceful rooks problem) What is the largest numbem such that m gold rooks andm silver rooks

can be placed on the board so that no gold rook is attacking a silver rook? How many ways can this
be done?

. Suppose there is one queen on the board and no other pieces.

(a) Find a position for the queen where the number of squares it can move to is as small as possible.
Which position is this and how many squares can it move to?

(b) Find a position for the queen where the number of squares it can move to is as big as possible.
Which position is this and how many squares can it move to?

. In this problem, we change the size of the board ton n and put n gold queens on the board so that

no two (of the same material) are attacking.

(&) Show this is not possible ifn =2 or n = 3.
(b) Find a way to do this if n =4.
(c) Find a way to do this if n =5.

(d) Look up the 8 queens puzzle. Explain what it is and draw a solution.
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7. In this problem, we change the size of the board tm n. Let m be the maximum number such thatm
gold queens andn silver queens can be placed on tha n board so that no two of di erent materials
are attacking. For example, whenn = 3, then m = 1, because the gold queen can be placed in the
corner and the silver queen can be placed in the middle of one of the opposite sides; however it is not
possible to place 2 gold queens and 2 silver queens on a 3 board without them attacking each other.

(@) When n =4, show that m 2 by nding a way to put 2 gold queens and 2 silver queens on the
board.

(b) When n =5, show that m 4 by nding a way to put 4 gold queens and 4 silver queens on the
board.

(c) Look up the peaceable queens problem. Find out the value ah whenn = 8.
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Chapter 5

Proof techniques in combinatorics

In this chapter, we explain how to prove statements in combinatorics. After explaining why proofs are
useful, we focus on proof techniques that are often useful in combinatorics: induction, counting in two ways,
bijective proofs, proof by contradiction, and the pigeonhole principle.

Click on the icon at left or the link below for the next two sections' video lecture.

Introduction to Proofs, and Induction

5.1 Why are proofs necessary?

Writing proofs is not easy. Sometimes students feel that professors assign proofs the same way that a drill
sergeant assigns push-upsafter 50 of these, you'll be stronger! At a basic level, proofs are needed to show
that a statement is true without a doubt. Beyond this, proofs are valuable because they explain the reasons
why statements are true.

Many people nd proofs to be beautiful and powerful. Often mathematicians have favorite proofs,
which illustrate core topics in their research areas. Some mathematicians view proofs as the foundation of
mathematics, the solid base needed to build fantastic structures. Other mathematicians view proofs as a
living language, which connects the thoughts from ancient civilizations to the thoughts in modern times.

In this chapter, we will explain some proof techniques. We cannot promise that you will love proofs by
the end of the chapter, but hopefully writing a proof will seem more manageable. Maybe by the end of this
class, you will have a favorite proof too.

To get started, we will share some examples that show numerical data are sometimes misleading and
share some history about famous proofs in combinatorics and number theory.

Example 5.1.1. How many positive divisors doesn! have? (This is denoted by o(n!), see Section 2.11.1.)

To get started, let's write out the rst few cases. If n =1, then n!is just 1, which only has one divisor
(1 itself). If n =2, then 2! = 2, which has 2 divisors (1 and 2). If n = 3, then 3! = 6 which has 4 divisors
(1;2;3, and 6). With a little more e ort, we nd that 4! = 24 has 8 divisors and 5! = 125 has 16 divisors.
So the pattern of answers so far is 12; 4;8; 16. How many divisors do you think 6! has?

You might have guessed 32, since the answer seems to double at each step. But alas, 6! only has 30
divisors! This illustrates why we need mathematical proofs, to show that a pattern continues inde nitely.
We need to be sure that there is not some counterexample to the pattern that is so large that we simply
have not found it yet.

Example 5.1.2. Here are three numbers that arealmost integers meaning that they are so close to integers
that you might not realize they are transcendental numbers:

pP_—
e “  88473674%9997;
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| o J—
e % 14719795274899998:;

[ o JE—
e 163 262537412640768743999999999992

The last one is called Ramanujan's constant after the famous mathematician F%amanujan because, in April
1975, Gardner wrote in Scienti ¢ American that Ramanujan conjectured that e 163 is an integer; this was
an April fool's hoax. See OEIS A060295.

Example 5.1.3. The Four Color Theorem states that for any map of countries drawn on a 2-dimensional
world map, it is always possible to use four colors to color the countries in the map, such that no two
countries sharing a border have the same color.

This was an open problem for a long time, and in 1976 it was nally proven by Appel and Haken using
a computer. They rst used mathematical proof reasoning techniques to categorize the possible maps into
various types, and then used a computer to exhaustively check all of these cases. Computers can make a
proof much faster to complete when there are many cases to check.

Example 5.1.4. In the 1600s, Fermat studied numbers of the formF, = 22" + 1, which are now called
Fermat numbers. The rst few examples of Fermat numbers are

Fo=3; F1=5; Fp, =17; F3 =257; F4 = 65537:

After Fermat noticed that these ve numbers are prime, he conjectured that F, is always prime. But this
was found to be false! In 1732, Euler showed that

Fs = 4294967297 = 641 6700417

Currently no one knows how many Fermat numbers are prime. Even with modern computing power,
no more examples of Fermat primes have been found. Fermat numbers are still useful because they can
have very large prime factors. In 2020, as part of the PrimeGrid collaboration, Brown, Reynolds, Penre &
Fougeron found the megaprime 13 25523860 1 1 as a factor of Fsso3gss.

Example 5.1.5. Fermat's little theorem states: if p is a prime number, thenp dividesaP * 1 for all a such
that gcd(a;p) = 1. For example, let p=5. For a=1;2;3;4, thena* 1 equals 015;80; 255 (respectively)
and these numbers are all divisible by 5.

We could ask if the converse to Fermat's little theorem is true: ifn dividesa" ! 1 for all a such that
gcd(a; n) = 1, then is n prime? If you experimented with di erent choices of n, you might start to believe
that this is true. But there is a counterexample! The number n = 561 divides a°®® 1 for all a such that
gcd(a; 561) = 1. However, 561 is not prime, because it factors as 561 = 311 17. The number 561 is called
a Carmichael number; it is an example of a pseudo-prime (fake prime). This topic is useful in cryptography.

Example 5.1.6. A nal famous problem named after Fermat is Fermat's Last Theorem. In 1637, Fermat
conjectured that the equation
X"+ ynh=2z"

has no solutions whenn 3 is an integer and whenX;Y;Z are integers, unlessXY Z = 0. This problem
motivated people to study number theory for hundreds of years and their work led to the development
of algebraic number theory and arithmetic geometry. In 1994, Wiles published a proof of Fermat's Last
Theorem, building on work of Frey, Ribet, Serre, Taniyama and Shimura. Wiles received the Abel prize,
worth about $700,000, for the proof.
Exercises

1. Show that 2 and sin(11) are almost integers.

2. The golden ratio is = (1 + pé):z =1:618:::. Show that 7, 8 and !° are almost integers.
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3. Gelfond's constant ise . Show that e is an almost integer. (Unlike the other examples in this
section, there is no known explanation for this, so it is viewed as a coincidence.)

4. Read the history of the proof of the 4-color theorem. What was unusual about the proof of Appel and
Haken?

5. Read the history of Tait's conjecture in graph theory. What was important about Tutte's work on this
conjecture?

6. Read the history of the proof of the Poincae conjecture. How do you think Hamilton felt about
Perelman's proof of this conjecture?

7. Read the history of the proof of the ABC-conjecture. Decide whether you think Mochizuki proved this
conjecture or not.

8. There is a conjecture about primes, called Vandiver's Conjecture, which has been veri ed for all primes
less than 163 million. Yet many mathematicians do not believe it is true for all primes. What kind of
justi cation is needed to convince someone that the data is conclusive or inconclusive?

5.2 Induction

Click on the icon at left or the link below for this section's short video lecture.

Introduction to Proofs, and Induction

The natural numbers N = f0;1;2;3;:::;g are lined up like a row of dominoes.

The goal of this section is to see how to prove facts or formulas that are true for each natural number
n 2 N. It is not possible to check one value oh at a time because there are in nity many of them. A good
analogy for an inductive proof is the idea of knocking over all the dominoes: rst, you need to knock over
one of them (usually the rst); then, you need a method to make sure that when each domino falls, it knocks
over the next. Thus, knocking over one domino sets o a chain reaction that causes all of the in nitely many
dominoes to fall over.

To state this mathematically, we consider a property or fact or formula called P,,, which could be true
or false for eachn 2 N. For example,

Pho:1+2+ n=n(n+1)=2
We already saw in Lemma 1.2.1 that this property P, is true for all integersn 1. As another example:
P, : The Fermat number F, is prime.

We already saw in Example 5.1.4 that this property P, is true whenn =1 2; 3; 4 but false whenn = 5. The
rst is true for all n and we will see how to prove it using induction, but since the second is not true for all
n, we cannot prove it by any method.

Theorem 5.2.1. (The inductive principle) Suppose

" (Base case) the propertyP, is true for n =0, and

" (Inductive step) if property Py is true for an arbitrary integer k 1, then so is property Py+1 .
Then P, is true for all integers n 2 N.

The above theorem is often called the Principle of Induction or justinduction, and it is often thought of
as a method for proving that a statement P, is true for all integers n 2 N, as follows.

Method of Proof by Induction: To prove P, is true for all natural numbers n  0:
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1. Prove the base case: that P, is true for n = 0. (This usually is an easy computation.)

2. Let k 2 N be arbitrary, and assumePy is true for this speci c value k. (The statement Py is called the
inductive hypothesis )

3. Using the assumption that Py is true, prove that Py.; is true.

Notice that steps 2 and 3 above together prove the inductive step, since to prove an \if... then" statement
in mathematics, one assumes that the hypothesis is true and then proves the conclusion holds under that
assumption.

In step 2, choosingk to be arbitrary means that we are showing that no matter what domino falls, it
will always knock over the next one. Combining this fact with the base case that the rst domino falls, we
can conclude that every domino falls (the statementP, is true for all n).

Remark 5.2.2. The inductive step can be replaced with: if property Py 1 is true for an arbitrary integer

k 1, then so is property Px. In other words, in step 2, we can letk 1 (rather than k 0) and assume
Px 1, and then in step 3, we provePy. This is a purely aesthetic choice, but sometimes makes the algebra
in a proof simpler to work with.

Example 5.2.3. The sum of the rst n odd integers isn?. In other words, the following property is true
for all integersn  1:
P,:1+3+5+ :::+(2n 1)= n%

Proof. We proceed by induction. (Base case.) For n = 1, note that 1 = 1 2.
(Inductive step.) Let k 1 be an arbitrary natural number, and supposeP is true, meaning that

1+3+5+ :::+(k 1)= k%
Adding 2k + 1 to both sides gives
1+3+5+ :::+(2k 1)+@k+1)= k®+2k+1=(k+1)?
showing that Py.1 is true as desired. Hence by inductionP,, is true for all n 1. O
The next two lemmas can similarly be proven by induction (see the Exercises).
Lemma 5.2.4. (See Lemma 1.2.1) The following property is true for all integersn  1:
Pho:1+2+ n=n(n+1)=2
Lemma 5.2.5. The following property is true for all integersn  1:
1+2+4+8+ :::+2" 1=2n 1.

Remark 5.2.6. Sometimes a statementP, is false for small values ofn. If there is a positive integer c for
which P. is true and the inductive step works, then we can modify the method of induction to prove that
statement P, is true for all n ¢ (instead of n  0). To do this, we change the base case to prové. rather
than prove Py, and also change the assumption on the inductive step to choode ¢ and assumePy.

Example 5.2.7. Prove that n! 2" foralln 4.

Proof. In this case, the statement is false whem =1;2; 3 but true when n = 4. So we proceed by induction
on n, starting with the case n = 4.

(Base case.) The identity is true when n = 4 because 24 =4! 2*=16.

(Inductive step.) Let k 4 be arbitrary, and supposePy is true, meaning that k! 2. Then

(k+1)!=(k+1)k! (k+1)2k 5 2% 2.

showing that Py.1 is true as desired. Hence by inductionPy is true for all n 4. O
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Remark 5.2.8. Suppose we want to show that two equationsA and B are equal. One common mistake
that people make in writing proofs is to assumeA = B and then simplify. Warning: this does not always
work! Here is an extreme example of dalse claim and a false proof to illustrate this:

Claim. 3=5.
Proof. Note 3 =5 implies 3 0=5 0 implies 0 = 0 which is true. O

Here is an example of dalse claim and a false proof by induction, that emphasizes the need to get both
the base case and the inductive hypothesis step correct.

Example 5.2.9. All horses are the same color.

Proof. We will prove by induction that all horses in a herd of sizen are the same color for anyn 1.
(Base case.) In any herd of 1 horse, all horses in that herd are the same color.
(Inductive step.) Let k 1 be arbitrary, and suppose all horses in a herd of sizk are the same color.
Consider a herd ofk + 1 horses.

Removing the last horse, the inductive assumption says that the rst horse is the same color as the horses
in the middle. Removing the rst horse, the inductive assumption says that the last horse is the same color
as the horses in the middle. Hence alk + 1 horses in the herd are the same color. By induction, the horses
in a herd of sizen are the same color for alln 1. O

Clearly not all horses are the same color, so where did our proof above go wrong? Our mistake in
Example 5.2.9 is that the inductive step fails when going fromk = 1 to k = 2, even though it works for
all larger values ofk. When k = 1, then the middle herd is empty. This is why the bound on k in the
declaration \Let k 1 be arbitrary" is so important.

We will now give a proof by induction of the Hockey Stick Identity from Proposition 4.4.2. In this case,
there are two variablesn and m in the formula, so we need to be careful to specify which one is increasing
in the inductive step.

Proposition 5.2.10.  Supposen is a positive integer andm is a non-negative integer. Then

n n+1 n+2 n+m n+m+1
+ + + 4
0 1 2 m m

Proof. We proceed by induction onm for a xed n.
(Base case.) The identity is true when m = 0 because

n n+0+1
=1=
0 0

(Inductive step.) Let m 2 N be arbitrary, and assume that

n n+1 n+2 n+m n+m+1
+ + + + = . .
0 1 2 m m 6.1
We must now show that
n n+1 n+2 n+m n+m+1 n+m+2
+ + + + + = (5.2)
0 1 2 m m+1 m+1
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By substituting (5.1), we see that the left hand side of (5.2) simpliesto "*™*' + ™ ™*L which equals

”:’n”jfz by Pascal's recurrence Theorem 4.1.1. Hence the statement is true for all non-negative integens

by induction. m

Remark 5.2.11. There is a variation of the inductive process, calledStrong induction. In the inductive
step of this variant, we suppose thatPy is true forall1 k n, and show that Py is true whenk = n + 1.

Exercises

1. Prove Lemma 5.2.4 using induction.
2. Prove Lemma 5.2.5 using induction.
3. Prove the geometric series formulausing induction:

rn+:|_ 1

1+r+r2+  +r"=
r 1

4. Prove using induction that the following identity is true for all integers n  1:

1 1 1 n
Phoi——s+ —+ 1114 = :
12 23 n(n+1) n+1

5. Prove using induction that the following identity is true for all integers n  1:

nin+1)2n+1)
5 :

P,:12+22+3%2+ :::+(n 1)+ n?=

6. Prove using induction that n? 5n +5 for all integers n 6.
7. Prove using induction that 2"  10n + 7 for all integers n 7.

8. Prove that every positive integern 2 can be factored as a product of one or more prime numbers
using strong induction. (Hint: In the induction step, consider two cases: if the numberk + 1 is prime
then we are done; otherwise it factors as a product of two smaller numbers, each of which factors into
primes by the induction hypothesis.)

5.3 Counting in two ways

Click on the icon at left or the link below for the next two sections' video lecture.

Counting in two ways and Bijections

We can prove some formulas from earlier in the book using the principle calledounting in two ways.
Lemma 5.3.1. (Counting in Two Ways.) If a set has n elements and it also hasn elements thenn = m.

This sounds like a trivial principle, but it is incredibly useful in proving algebraic identities in combi-
natorics. Here is the way we can use this. Suppose we want to proe = G where F and G are both
mathematical formulas. Then we simply have to nd a collection of objects such that bothF and G are the
answer to the question \how many are there in the collection"?
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Example 5.3.2. Supposea and b are positive integers. Here is a combinatorial proof that
a b= b+ b+ +
Prby,_*p

a summands
where the sum hasa copies ofb. By repeated application of the Addition Principle, we see that the right-
hand side,b+ b+  + b, counts the number of students in a school that hasa classes withb students each.
By the Multiplication Principle, a bcounts the number of ways to rst walk into one of the a classrooms and
then single out one of theb students in that class. Thusa bis also equal to the total number of students,
and soa b= b+ b+ +h

We can also prove more intricate identities combinatorially.
Example 5.3.3. Here is a combinatorial proof of Pascal's recurrence in Theorem 4.1.1 that

n+1 n n
= +
k k 1 k
Proof. Let's nd the number of ways of choosing k people from a classroom that hasn students and 1

professor. Since there are +1 people in the room, the answer is “;l . On the other hand, we can separate

the ways of choosing the group into (i) those thatdo not contain the teacher and (ii) those that do contain
the teacher. There are | choices in case (i) and ,", in case (ii) (since we are choosing onlk 1 of the
students). By the addition principle, the number of ways is the sum of the answers for (i) and (ii) and the
result follows. O

We now give combinatorial proofs of the \sum of squares" formula from Proposition 4.4.1.

2 2 2 2
n n n n2_ 2n
0 + 1 Tt n 1 + n ~ n

We will prove this in two ways, neither of which is easy. The second proof proves an even harder identity,
Vandermonde's identity, which reduces to Proposition 5.3.4 when we make a good choice for the variables.

Proposition 5.3.4.  If n is a natural number, then

Proof. Note that Zn” is the number of ways to choosen soccer players out of a team of & soccer players.
We will count that in another way by separating the 2n soccer players into two groups, by putting a gold
jersey onn of the soccer players and a green jersey on the other soccer players. From the rst group, we
choosek soccer players with gold jerseys. In order to choose soccer players altogether, we need to choose

n k soccer players with green jerseys. Symbolically,

Rl rLingiiy:

s,
choose k choose n  k

Sothereare ; ", ways to do that.

The choice of the numberk was arbitrary and so we need to consider all the possible values & which
could be as small as 0 and as big as. So we need to add up the number of ways to choose soccer players
ask varies between 0 andn. This gives us:

2 . . . . . .
nn = (# choices of k players with gold jerseys) (# choices of n  k players with green jerseys)
k=0
R n
‘o k n k
X n n
N k k
k=0
X 2
k=0 K
n 2 n 2 n 2 2
= + + o+ +
0 1 n 1
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Here is another identity.

Proposition 5.3.5.  (Vandermonde's identity.) Supposen; m;” are non-negative integers such thad
m+ n.

n+m X n m
: k ° k

(In the summation above, we set; =0 if k>n and similarly set .", =0 if ° k>m.)

Proof. By analogy: in your kitchen cabinet, you have n granola bars (all di erent) and m bags of trail mix
(all di erent). The left hand side counts the number of ways to choose™ snacks out ofn + m choices.

Let Dk be the number of ways to choose the snacks with exactlk granola bars and™ k bags of trall

mix. Then D, = | ™, because you are choosing granola bars out ofn and *  k bags of trail mix out of

m. We add up the number of ways for each possibility fork. This equals the right hand side ,_, Dx. O
Using Vandermonde's identity, we can nd a second proof of Proposition 4.4.1.

Proof. In Proposition 5.3.5, substitute m = n = * and simplify. This yields

Exercises

1. Find a counting in two ways proof for Gauss's formula for the triangular numbers:

nn+1)

1+2+3+ +n=
2

2. Give a proof of the following identities by counting in two ways:

(a) E = nnk
(b) rr:] nkm — E nmk
(¢ o+ T+ + p =20
@ ¢ k=n g
e 7 +2 5 +3 5+ +n p=n20!
3. Recall from Proposition 4.4.2 that the Hockey Stick identity (version 1) states that
n n+1 n+m n+m+1
+ + o+ =
0 1 m m

Find a counting in two ways proof of this identity.
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5.4 Bijective proofs

Here is a sample problem that you will be able to solve at the end of this section.

Question 5.4.1. How many ways can you choose 4 numbers frorhl;:::;100g so that none of them are
consecutive?

We already know that there are 120 ways to choose 4 numbers fronfi 1;:::; 100y but it is not clear how

to deal with the condition that they are not consecutive. In this problem, it is not enough to count the size
of one set in two ways. Instead, we will use @ijection to compare the size of two di erent sets.

Let A and B be sets. A bijection is a matching or pairing of the elements oA with the elements of B.
Here is the formal de nition.

De nition 5.4.2. Let A and B be sets. Letf : A! B be a map.
1. The mapf is 1-to- 1 if, whenevera; 6 a, then f (a;) 6 f (ay).
2. The mapf is onto if for every b2 B, there is ana 2 A such that f (a) = b.
3. The mapf is abijection ifitis 1-to-1 and onto.

Intuitively, the onto condition means that the map f hits every element ofB. Another way to say this is
that the range of f is all of B. The 1-to-1 condition means that no element ofB is hit twice; it is equivalent
to saying, if f (a1) = f (a2), then a; = a,.

Example 5.4.3. Let = f1;:::;ng. Fix ksuchthat0 k n. Let A be the set of subsets of of sizek.
Let B be the set of subsets of of sizen k. There is a bijection betweenA and B taking a subsetS of
sizek to the complement S which has sizen k.

Lemma 5.4.4. There is a bijectionf : A! B if and only if f has an inverse mapg: B! A.

Proof. Supposef : A! B is a bijection. Here is how to de ne the mapg:B ! A. Given b2 B, sincef is
surjective, there is ana 2 A such that f (a) = b. Also a is unique sincef is 1-to-1. De ne g(b) = a. To show
that g is the inverse ofa, we need to show thatg f :A! Aandf g:B! B are both the identity map.
That is true since (g f)(a)= g(f (a))= g(b=aand (f g)(b=f(g(b)=f(a=nh

Conversely, ifg: B ! A is an inverse off , we want to show that f is a bijection. To show that f is
1-to-1, suppose thatf (a;) = f (ap). Then g(f (a1)) = o(f (a2)). So (g f)(a1) =(g f)(a). Sinceg f is
the identity map, this shows that a; = a,, completing the proof that f is 1-to-1. Finally, to show that f is
onto, chooseb2 B. Let a= g(b), whichisin A. Thenf (a) = f(g(b)) = (f g)(b). Sincef gis the identity
map, this showsf (a) = b, completing the proof that f is onto. O

Example 5.4.5. Let A be the set of positive integers whose last digit is 3. LeB be the set of positive
integers whose last digit is 7. There is a bijectionf : A'! B given by f (a) = a+ 4. Its inverse map
g:B! Aisgivenbygb=b 4.

Example 5.4.6. Let A be the set of integers. LetB be the set of multiples of 7. There is a bijection
f:A! Bgivenbyf(a)=7a. The inverse mapisg:B ! A given by g(b) = b=7.

Lemma 5.4.7. (Bijective proof.) If A and B are sets such thatA hasm elements,B hasn elements, and
there is a bijectionf : A! B, thenm = n.

Again, this sounds like a very simple principle, but it can be tricky to execute in practice. Here, we
provide several harder examples.
Recall the following identity (alternating sum of binomial coe cients) from Proposition 4.3.5.

Proposition 5.4.8.  If n> 0, then } T+ 0 " =0.
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Another way to write Proposition 5.4.8 is to move the negative terms to the right hand side:

+ + + = + + +

For a set of size n, we can interpret the left hand side as the number of subsets of having even size, and
the right hand side as the number of subsets of having odd size. Thus, to prove Proposition 5.4.8, we just
need to nd a bijection between subsets of odd and even size, as in the following proposition.

Proposition 5.4.9. Let = f1;:::;ng. Let A (resp. B) be the set of subsets of of even (resp. odd) size.
Then there is a bijection betweerA and B. In particular, the number of subsets of of even size equals the
number of subsets of odd size.

Since there are 2 subsets of , it follows that the number of subsets of even size is 2=2 = 2" 1,
Example 5.4.10. Let = f1;2;3g. Its subsets can be paired as follows:

"L $f 1,23g

" flg$f 2,39

" f29%f 1,39

" f3g$f 1,29

This example generalizes to a proof in the case thah is odd.

Proof of Proposition 5.4.9 whenn is odd. Supposen is odd. If S has size k, then the complement S
has sizen k. If k is even, thenn k is odd and vice-versa. Each subset has exactly one complement, so
we can pair each subset of even size with exactly one subset of odd size. In conclusion, wimeis odd, there
is a bijection between the setA (resp. B) of subsets of of even (resp. odd) size takingS to S. O

The proof above does not work whem is even, so we will set up a di erent bijection. Here is a motivating
example whenn = 4 to see how this bijection works.

Example 5.4.11. Let = f1;2;3;4g. Its subsets can be paired as follows:

f 1'>2; 39

f12;4g f1,2,3;49

f2;3g f 1'>3; 49

f4g f2;4g f2;3;4g
f3;4g
Proof of Proposition 5.4.9 for n even (and odd). Since is nonempty, pick a distinguished element, say 12
. Group the subsets of into pairs where the two subsets in each pair di er only in whether they contain

1 or not. Every subset is in exactly one pair. Each pair contains one subset of even size and one subset of
odd size. So the number of subsets of odd size and of even size is the same. O
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As another example of a bijective proof, we prove the \sticks and stones" theorem (Theorem 3.5.6) again
here, using \M&M's and toothpicks" instead. The logic we used in Section 3.5 to prove this result is really
a bijection in disguise.

Proposition 5.4.12.  Supposen is a positive integer andk is a non-negative integer such that0 k n.
Then the number of ways to choose a set of sizefrom a set of sizen (with repeats allowed) is

n+k 1
K ;

Proof. We rst nd a set A whose size is the number of ways to choose a set of sizdrom a set of sizen. To
do this, let A be the set of cups lled with k M&M's, where there are n di erent possible colors of M&M's.

Next, we nd a set B whose size is “ﬂf 1 . Let B be the set of binary sequences consisting &f zeroes
andn 1 ones. Such a sequence hast k 1 entries total and is determined by choosing whichk positions
contain the 0's. So the size oB is ”*E !

We need to nd a bijective map betweenA and B. Fix an ordering of colors, for example, rainbow order
with brown at the end. An element of the set A is a cup ofk colored M&M's. Given such a cup, spill the
M&M's onto a plate and sort them by color, in a row. Now there are k M&M's separated into n sections
(some of which may be empty). Put a toothpick between each section, using 1 toothpicks total. Finally,
put on color- Iter goggles so that all the M&M's look grey. What we see is a row ofk grey M&M's and
n 1 toothpicks. Write a sequence of 0's and 1's by writing a 0 for each grey M&M and writing a 1 for each
toothpick. This results in a sequence ofk zeroes andn 1 ones, which is an element of the seB.

Now we will construct the inverse map fromB to A. Starting from a row of 0's and 1's, we can interpret
this as a row ofk grey M&M's separated by n 1 toothpicks, and then color the M&M's according to the
speci ed ordering of colors and put them into a cup. Since these processes reverse each other, the two sets

are in bijection, as desired. O

Example 5.4.13. Let's nish the problem about choosing 4 numbers fromf1;:::;100g, none of which are
consecutive. Call these numbersy;;ay; az; a4, written in increasing order. We want a, >a;+1, ag >a,+1,
and a4 > a3 +1. The number of ways to do this is the size of the set

A=f(a;as;az;a4)j1l ay<a, 1l<az 2<as 3 97g

Let's de ne new numbers by;bp; bs; by so that these conditions are easier to state. Lety = a; (the
conditions on a; are easy, so there is no reason to changg). Let b, = a, 1; the condition a, >a; +1
can be re-expressed ab, > b;. Next, let by = ag 2; the condition ag > a, + 1 can be re-expressed as
b;+2 > b, +2 or, more simply, b; > b,. Finally, let by = a4 3; the condition a4 > a3+1 can be re-expressed
ashy > bs. Notice that a; 100 is equivalent tob, 97.

De ne a new setB with these conditions:

B =f(bi;bp;bskw)jl by <bp<bsg<bs 979
There is a mapf : A! B wheref(a;;az;as;a4) = (a;a, liaz 2,a4 3). It has an inverse map

g:B! A whereg(b;bp;bs;by)=(b;p+1;3+2;4+3). Sof is a bijection.
The size of B is °/ because choosing an element & is the same as choosing 4 distinct numbers in

For additional facts about bijections and cardinality, see the following optional supplemental video.

Click on the icon at left or the link below for more on bijections and cardinality.

Bijections and cardinality
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Exercises

1. Follow the outline of Example 5.4.13 to nd the number of ways to choose 5 numbers froni 1;:::; 80g

sothata; a, a3 a; as.
3. Provethat = ", using a bijection.

4. Let S be the set of binary sequences of lengtih. Explain why jSj = 2". Find a bijection between S
and subsets off 1;2;:::;ng. Conclude that 2" is also the number of subsets of 1;2;:::;ng.

5.5 Proof by contradiction

Click on the icon at left or the link below for this section's short lecture video.

Proof by Contradiction and the Pigeonhole Principle

Here is the strategy for a proof by contradiction: assume the opposite (hegation) of what you want to
show; then show that this implies something that is de nitely false; this means that the initial assumption
must have been false.

Example 5.5.1. If | want to get on my ight which leaves Denver International Airport at 10 am, then |
need to leave the house before 7 am.

Proof. Assume | leave my house in Fort Collins at 7 (or later). Then | arrive at the parking lot by 8:15. After
taking the shuttle, | arrive at the airport at 8:30. After checking my bag, it is 8:45. After going through
security, it is 9:00. After taking the little train, it is 9:15. Then | run and run to my gate, which is the very

last one, and arrive there at 9:45. This is too late; the doors have closed. O

In this section, we give some examples of proofs by contradiction that come from the subject of humber
theory.

Proposition 5.5.2.  The numberp 3 is irrational (not a fraction).

Proof. Assume that P 3 is rational (a fraction). Then we can write P 3 = a=h where a; b are integers with
b6 0. If gcd(a;b) 6 1, then we can simplify the fraction. So, without loss of generality, we can suppose
that gcd(a; b) = 1. Squaring both sides, we see that 3 =a?=I7. So 3 = a?. This means that 3 divides a?.
Since 3 is prime, this shows that 3 dividesa (since a has a unique factorization into primes). Write a = 3ay,
where a; is an integer. Substituting, we see that 37 = (3a;)? = 9a2. Sol? =3a?. Then 3 divides k?, so 3
divides b. But then gcd(a; b) is a multiple of 3. So this is a contradiction. So~ 3 is not a fraction. O

Below is Euclid's proof that there are in nitely many primes, which he discovered around 300 B.C. The
reason to use a proof by contradiction is because no one has found a formula or algorithm to generate prime
numbers.

Proposition 5.5.3.  There are in nitely many prime numbers.

Proof. Assume there are only nitely many primes; let r be tlaja number of primes and letS = fps;:::;prQ
be the set of all the primes. Consider the numbelN =1 + ir:l pi. Then N is divisible by at least one
prime number g (since any positive integer has a unigue prime factorization.) ButN is not divisible by any
of the primes in S; this is becauseN 1 modp; foreach1l i r. Soqis anew prime which is notinS.
This contradicts the statement that S is the set of all the primes. So there are in nitely many primes. [
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~ A combinatorial existence proof using contradiction (\Prove that there must have been two people who
shook hands the with the same number of people.”)

Remark 5.5.4. Sometimes proofs by contradiction are so fun that people use them more often than needed.
It is better to use a direct proof when you can.

Exercises
1. Prove that P 5 is irrational.

2. Show that ° 2 is irrational.

Qr

3. Use the quantity N =3+ (2 *._; pi)? to show there are in nitely many primes which are congruent
to 3 modulo 4.

5.6 The Pigeonhole Principle

The pigeonhole principle gives a way to show that certain objects need to be grouped together. This principle
relies on the strategy of a proof by contradiction and it has a lot of applications in combinatorics.

Example 5.6.1. In 2017, the population of Colorado was 5,612,000. Prove that there were at least 6 people
in Colorado with the same number of hairs on their heads. You may assume that each person's head has
less than 1,000,000 hairs.

Answer. If there were
at most 5 people with 0 hairs,
at most 5 people with 1 hair,
at most 5 people with 2 hairs,

and at most 5 people with 999,999 hairs,
then the number of people in Colorado would be at most 5,000,000. Since &12 000> 5;000 000, there
must be at least 6 people in Colorado with the same number of hairs on their heads.

Proposition 5.6.2.  (Pigeonhole principle Version 1) If we place more than n objects into n boxes, then
some box contains 2 or more objects.

Proof. If each box contained at most 1 object, then the total number of objects would be at mosn, which
is a contradiction. O

Etymology. A pigeonhole is a place where birds \roost", i.e., rest or sleep. This principle is often stated with
n + 1 pigeons roosting in n holes.

Remark 5.6.3. The pigeonhole principle does not say anything about how many of the boxes are empty.
It is possible that all of the pigeons are stu ed into the same hole.

Example 5.6.4. If 11 numbers are chosen from 1 to 100, then show that two of them have a di erence of
less than 10.

Answer. Separate the numbers 1 100 into 10 \boxes", namely 1 10, 11 20,21 30, upto91 100. Since
there are 11 numbers and only 10 boxes, two of the numbers must be in the same box. Then the di erence
between those numbers is less than 10.
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Example 5.6.5. A target is in the shape of an equilateral triangle, with side-length 2 meters. If we hit the
target with 5 arrows, prove that two arrows strike within 1 meter of each other.

To approach this using the pigeonhole principle, we divide the target into 4 parts, each of which is an
equilateral triangle of side-length 1, as drawn below. We will think of these four smaller triangles as the
\boxes" and the striking points of the arrows as the objects.

By the pigeonhole principle, one of the smaller triangles must contain the striking points of at least two
arrows. The distance between these striking points is at most the length of the side of the smaller triangle.
It follows that the striking points of those two arrows are within 1 meter of each other.

Example 5.6.6. There are n guests at a party, for some integern 2. Some pairs of them shake hands;
(no one shakes hands with themself). Prove that at least two guests shook hands with the same number of
people.

Each guest shook between 0 and 1 hands. Let's label the boxes by the numbers 0 througm 1 and
put a person in boxi if they shook hands with exactly i people. At rst, it does not look like we can use
the pigeonhole principle because there are people andn boxes.

However, there is one piece of information we did not use. Either box 0 or bor 1 is empty. The reason
is that if someone shook 0 hands, then no one shook hands with all 1 of the other guests; if someone
shook hands with alln 1 of the other guests, then no one shook 0 hands. Hence we are assignmgeople
to n 1 boxes (labeled either by 0 throughn 2 or by 1 through n 1). By the pigeonhole principle, two
people must be assigned to the same box, and hence shook the same number of hands.

Proposition 5.6.7.  (Pigeonhole principle Version 2) Supposek is a non-negative integer. If we placemore
than kn objects into n boxes, then some box contains at leagt+ 1 objects
Remark 5.6.8. To obtain Version 1 from Version 2, substitute the valuek = 1.

Proof. If each box contained at mostk objects, then the total number of objects would be at mostkn, which
is a contradiction. O

To solve the problem about Colorado at the beginning of the section, we use Version 2 of the pigeonhole
principle as follows

Answer. Label the boxes by the numbers 1 throughn = 1;000, 000. People are assigned to théth box if
they have exactly i hairs on their heads. Letk = 5. Since 5,612 000> 5;000,000 = (5) (1,006 000) =k n,
there is a box with at least 6 = k + 1 people by the pigeonhole principle (Version 2). These 6 people all have
the same number of hairs on their heads.

Remark 5.6.9. For pigeonhole principle problems, our recommendation is to:

92



~ ldentify k +1, and hencek.

" De ne your n boxes (such that if enough objects land in a single box, then you have accomplished the
goal of the problem!)

Make sure that the number of objects is bigger thank n.
We provide some harder examples.

Example 5.6.10. If 17 people are seated in a row of 20 chairs, then prove some consecutive set of 5 chairs
are lled with people.

Brainstorm.

Answer. There are 3 empty chairs. These separate the row intcn = 4 \boxes" which we can call the far
left, center left, center right, and far right. Each of these parts contains lled chairs, which are consecutively
lled since there are no other empty chairs. (It is possible for one part to be empty or to contain only one
chair.) Let k =4, sothat k+1 =5. Since 17> 16 =4 4 = k n, Version 2 of the pigeonhole principle
says that some box contains at leask + 1 = 5 objects, which means there are at least 5 consecutively lled
chairs.

Example 5.6.11. If 17 people are seated in a circle of 20 chairs, then prove some consecutive set of 6 chairs
are lled with people.

Answer. The 3 empty chairs partition the circle into n = 3 \boxes" of consecutively lled chairs. Let
k+1=6,s0 k=5. Since 17> 15=5 3 = k n, Version 2 of the pigeonhole principle says that some box
contains at leastk + 1 = 6 objects, which are consecutively lled chairs.

One of the most fun applications of the pigeonhole principle is toRamsey theory Here we give one
example of this.

Example 5.6.12. Consider the complete graphK g with 6 vertices (every pair of its vertices is connected
by an edge). If you color the edges green and gold, show that there must be either a green triangle or a gold
triangle of edges.

Answer. Pick one vertexv. It has 5 edges connecting it to the 5 other vertices. Letn = 2 (for the 2 colors)
and let k = 2. Since 5> 2 2, at least 3 of these 5 edges have the same color by Version 2 of the pigeonhole
principle. Let's say that color is green; (if not, we can continue with the same reasoning by swapping the
colors).

These 3 green edges conneetto 3 other vertices, let's call them w; x;y. If the edge betweenw and x
is green, then we are done because then w; x form a triangle with only green edges. Similarly, if the edge
betweenw and y is green, then we are done and if the edge betweenand y is green then we are done. So
the only remaining case is if the three edges betweew; x;y are all gold. But then they form a triangle with
only gold edges and we are done!

Exercises
1. Counting Rocks! If 5 people pick up 11 rocks in total, show that someone picked up at least 3.

2. Counting Socks! If a drawer contains 16 black and 16 white socks, how many do you need to pick in
order to have a matching pair?

3. In 2020, the city of Phoenix had 1.6 million people. The number of hairs on a head is at most 25000.
Show that at least 7 people in Phoenix had the same number of hairs on their head in 2020.
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5.7

. More than 6,000 of the students attending a private university were born in one of the 50 US states.

Prove that at least 121 of these students were born in the same state.

. In a set of 42 positive integers, prove that at least 5 of them have the same last digit.

. In a set of 112 positive integers, prove that at least 12 of them have the same last digit.

. If 7 numbers are chosen from 1 to 100, show that two of them have a di erence which is less than 17.

. pre that, among any 10 points inside a unit square, there must exist 3 of them that are all within

2=2 of each other.

(a) If 94 people are seated in a row of 100 chairs, then show that some consecutive set of 14 chairs is
lled with people.

(b) If 94 people are seated in a circle of 100 chairs, then show that some consecutive set of 16 chairs
is lled with people.

Additional problems for Chapter 5

. Give a combinatorial proof (either by counting in two ways or using a bijection) for each of the following

formulas.

@ n'=n(n 1) (n 2 321

(b) N=n n n, the product of k copies ofn
©@n@m 1) (n 2 (0 k+1)= 5%
@ ¥ = wmow

. Give a combinatorial proof of the following identities.

I:)n n 2 2n 1
@ koky =n7

(b) ko g St" K =(s+t)" (Heres, t, and n are positive integers.)

. Give a combinatorial proof that the following identity holds for all positive integers n:

20 N o1 M yon : =3":

0 1

. If 30 numbers are chosen from 1 to 82, then show that there is a group of at least 5 of them such that

the di erence between any two numbers in this group is less than 12.

. Suppose that 64 chairs are arranged in a circle. Prove that if 57 people sit in this circle of 64 chairs,

then there are at least 9 consecutively lled chairs.

. Suppose that 80 chairs are arranged in @w. Prove that if 75 people sit in this row of 80 chairs, then

there are at least 13 consecutively lled chairs.
(a) Look up the statement of the Well-Ordering Principle. Explain how it is similar to and di erent
from induction.

(b) Prove the Well-Ordering principle using only strong induction and the axiom that O is smaller
than every positive integer, as follows.

i. Let P(n) be the statement that any subset of the natural numbers containingn has a least
element.
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ii. Prove P(0).

8. Let p be a prime. Fermat's Little Theorem states that a®> amod p, for any positive integer a. For
example, whenp = 7: then 7 divides 17 1; 7 divides 2 2; 7 divides 3  3; etc.

(@) For any a 2, generalize Exercise 12b from Section 4.2 to show{ + +xa)P xh+ +
X2 mod p.

(b) Substitute x; =1;:::;xa =1 to show that a* amod p, which gives a proof of Fermat's Little
Theorem.

9. In this problem, we will prove Fermat's Little Theorem using a combinatorial argument.

not all the entries of the sequence are the same. Explain whjSj = a? a.

(b) We say that two sequences inS are equivalent if the entries of one can be rotated to be the entries
of the other. For example, whenp = 5, then (1;2; 3;4;5) is equivalent to (2;3;4;5;1). Explain
why each equivalence class i$ has sizep. Explain why it is important for p to be prime for this
to be true.

(c) Use the division principle to show that p dividesa? a.
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5.8 Investigation: Pascal's triangle modulo 2 and Sierpinski's tri-
angle

Which elements of Pascal's triangle are even, and which are odd? In other words, what is the value of the

binomial coe cient |} mod 2? (See Section 2.9.2 for modular arithmetic.)

n=0: 1

n=1: 1 1

n=2: 1 2 1

n=23: 1 3 3 1

n=4: 1 4 6 4 1

n=>5: 1 5 10 10 5 1
n=6: 1 6 15 20 15 6 1

If an integer a is even, then the remainder when dividinga by 2 is 0, soa 0 mod 2; if a is odd, then
the remainder when dividing a by 2 is 1, soa 1 mod 2. We can therefore write down \Pascal's triangle
mod 2" by replacing all even numbers with 0 and all odd numbers with 1:

n=0: 1

n=1 1 1

n=2: 1 0 1

n=23: 1 1 1 1

n=4: 1 0 0 0 1
n=>5: 1 1 0 0 1 1
n=6: 1 0 1 0 1 0 1

Question 5.8.1. Continue writing down Pascal's triangle mod 2 by copying the above table and then writing
the next 5 rows of O's and 1's. Find three patterns for the arrangement of 0's and 1's.

Question 5.8.2. How can you determine the next row of Pascal's triangle mod 2 from the previous, without
computing the original Pascal's triangle? Explain your answer.

Question 5.8.3. After the row for n = 3, when is the next row that only contains 1's? What does the row
after that one look like?

Proposition 5.8.4. If n =2™ is a power of2, then the numbers in rown of Pascal's triangle mod 2 are
all 0 except for the rst and last entry.

The next three questions outline three di erent ways of proving the above proposition.

Question 5.8.5. Prove Proposition 5.8.4 with this method: Write 2: as (Z")!=(k!2™ k)!). We want
to show there are more 2's in the prime factorization of the numerator than in the denominator. Do this by
nding a way to pair up each factor of 2 in the denominator with a factor of 2 in the numerator. Show that
there are always more factors of 2 in the numerator.

Question 5.8.6. (An algebraic proof.) Prove Proposition 5.8.4 with this method:
1. Explain why it is enough to show that (x + y)2"  x2" + y2" mod 2. (Here we reduce the coe cients

of the polynomial mod 2 but not the exponents).
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2. Show that (x + y)? x°+ y? mod 2.

3. Use induction on m to prove statement 1, where the inductive hypothesis is that & + y)2" '
2m 1 2m 1 . . . .
X +y mod 2. For the inductive step, square both sides of the equation.

Question 5.8.7. (A bijective/combinatorial proof.) Prove Proposition 5.8.4 with this method. Let S be
the set of all subsets off 1;2;3;:::;mg.

1. Explain why 2; is the number of ways to make a subset of of sizek. (For example, if m =2 and

k = 2, then the number of subsets listed in (2.1) is ‘2‘ =6.)
2. Because of part (1), we want to show the number of subsets & of sizek is even. Explain why this is
true if k is odd, by taking the complement of each set within a subset of.
3. To handle the case wherk is even, we will use induction onm; the inductive hypothesis is that the
m 1
statement is true for m 1, in other words, that 2 « isevenforall O<k< 2M 1. Write down what
the base case is and verify that it is true.

4. If T is a subset, recall the de nition of the cgnmplement subsefT ¢ from Problem 11 in Section 2.10. For
the inductive step, we want to show that Zk is even for all 0< k < 2™. Supposek is even (because
we are already done with the case thak is odd). Show that the number of subsetsT such that T 6 T¢
is even. Show that the number of subsetd” such that T = T¢ is even using the inductive hypothesis.

Now we investigate a pattern in Pascal's triangle modulo 2. Look at the numbers in the rowsn = 0 to

n = 3. Compare them with the numbers on the left side (then right side) of rowsn =4 to n =7. What do

you notice?

Question 5.8.8. 1. If you have a green ball in then = 4 and k = 0 spot in Pascal's triangle, and a gold
ball in the n =4 and k =4 of Pascal's triangle, which is the closest spot of Pascal's triangle that they
could both land?

2. Repeat the previous part when the green ball is at then = 2™ and k = 0 spot and the gold ball is at
the n =2™ and k = n spot.
3. Explain why there is an upside down triangle of zeros in the middle of the rows frorn = 2™ to
n=2m+ 1
Question 5.8.9. In Pascal's triangle modulo 2, explain why the rowsn =0to n=2™ 1 repeat again on
the left hand and right hand sides of the rowsn =2™ to n =2m* 1,
The next question is a more precise version of the previous two.

Question 5.8.10. 1. Convince yourself that the following claim produces the upside down triangle of
zeros described in Question 5.8.8: ih = 2™+, where 0 ~ 2™ 2, the kth entry of Pascal's
triangle in the nth row is zero modulo 2 for’+1 k n (" +1).

2. Convince yourself that the following claim produces the self-similar pattern described in Question 5.8.9:
ifO n 2™ land0 Kk n,then

m
E : +k2 (mod 2)
and om
n n+
K K +2m (mod 2):

3. Show that (reducing coe cients but not exponents modulo 2)

(x+y)"2" " +y?") (x+ )" mod 2
4. Use part (3) to prove the claims in parts (1) and (2).
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Sierpinski's triangle

Sierpinski's triangle is a famous example of afractal , which is a shape that exhibits self-similarity. In
particular, Sierpinski's triangle is the unique 2-dimensional pattern that is made up of three shrunken copies
of itself, each half of the total size, and arranged in a triangle. Here is a sketch of a nite approximation of
Sierpinski's triangle:

One can obtain this drawing by starting with the smallest triangle at the top, then copying it to its lower left
and lower right, and then repeating this process on the resulting shape several times. Sierpinski's triangle
itself is actually the \limit" of this diagram as the number of operations go to in nity.

Notice that the pattern of Sierpinski's triangle, formed by copying a triangle pattern down to the left
and down to the right at each step, is exactly the same as the pattern we discovered about Pascal's triangle
mod 2 in Question 5.8.9. Indeed, the 1's in Pascal's triangle mod 2 outline a Sierpinski triangle shape!
Demonstrate this for the rst 16 rows as follows:

Question 5.8.11. Use Sage to print out the rst 16 rows of Pascal's triangle mod 2. (It's ok if it prints

as a sequence of lists which is left justi ed, rather than as an equilateral triangle.) Draw an approximation
of Sierpinski's triangle on top of this printout by connecting the 1's with lines going in the three triangular

directions.

There is another way to construct Sierpinski's triangle. Let's start with an equilateral triangle, colored
black. We divide it into 4 smaller equilateral triangles and change the color of the middle one to white.
Suppose the sides of the original triangle have length 1; then the sides of the smaller triangles have length
1=2. We then repeat this process for the 3 smaller black triangles. Repeating this process inde nitely
produces the Sierpinski triangle.
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Chapter 6

Recurrence relations

Many interesting sequences of integers are de ned usingecurrence relations. In this chapter, we explore
fun examples of recurrence relations, including: the Fibonacci sequence, the tower of Hanoi, regions of the
plane, derangements, and Catalan numbers. For the most part, we avoid treating the subject systematically,
but in Section 6.2, we describe linear recurrence relations and their characteristic polynomials in general.

De nition 6.0.1. A recursive relation for an in nite sequence a;; a;::: is a formula for a, in terms of the
previous values in the sequence.

Click on the icon at left or the link below for this section's short lecture video.

Counting with Recursion

6.1 Fibonacci numbers

The Fibonacci numbers form a well-known sequence of numbers

(1;1;2;3;5;8;13;21; 34;55;: :2):
They were rst published in a book by Leonardo of Pisa in 1202 concerning the following question about
rabbits:

Question 6.1.1. Suppose that rabbits mature in one month, that an adult pair of rabbits produces exactly
one baby pair of rabbits each month, and that no rabbits ever die. Starting with one pair of baby rabbits in
month 1, how many pairs of rabbits will there be in month 17?

Answer. We compute the following table of the number F,, of pairs of rabbits in month n, starting with 1
rabbit.

n|1/2/3|4/5/6|7|8|9)|10|11| 12 | 13 | 14 | 15| 16 | 17
Fn [1]1(2|3|5|8|13|21|34|55|89]| 144 | 233 | 377 | 610 | 987 | 1597

De nition 6.1.2. SetF; =1 and F, = 1. For n 3, the n-th Fibonacci number F, is de ned by the
formula F, = F, 1+ F, 2.

While the question about rabbits is completely unrealistic, Fibonacci numbers show up in nature in many
unexpected places, including leaves on stems, pine cones, artichokes, pineapples, and family trees of hees
There are also applications of Fibonacci numbers to many other scienti ¢ elds, including economics, logic,
optics, and pseudo random number generators.

Here is another concrete question whose answer involves the Fibonacci numbers.

1Ask CSU math professor Dr. Patrick Shipman about some of his work on the Fibonacci numbers!
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Question 6.1.3. A staircase hasn steps. How many ways can you go up the stairs if you can take one or
two steps at a time and never go down?

For example, whenn = 4, the number of ways is 5 and the di erent ways to go up can be represented by
LL151),(1,12), (1,21), (2,11), or (2;2).
Let S, be the number of ways to go upn steps in this way. We compute the following table.

n = # stairs 1] 2 3 4 5
11111111111} 1,111.1
2 1,2 1,1,2 1,1,1,2
2,1 1,2,1 1,1,2,1
sequence of number of steps taken 2,11 12,11
2,2 1,2,2
2111
2,12
2,2,1
Sh = # ways to climb 1| 2 3 5 8

Notice, in order to climb 4 steps, you must rst climb 2 steps at a time and then 2 more steps, or 1 step
and then 3 more steps as indicated in blue and red, respectively. Based on this example, we conjecture that
S, = Sz + Sy: We will prove more generally that the stair climbing problem is in fact a recurrence relation
in Lemma 6.1.5, but for now let's take a deeper look into the example of 4 stairs.

Example 6.1.4. Picture of S;= S3+ S,.

After the red step of size 1, there areS; = 3 ways to proceed: 11;1 or 1,2 or 2; 1.
After the blue step of size 2, there areS, = 2 ways to proceed: 11 or 2.
In total there are S, = Sz + S, ways:

il; 1,11 ]{;21;2 1 2;} F; 1;1{Z 2;?

from Sj from S,

The values ofS,, are all Fibonacci numbers, but they are shifted to the left compared to the values of,
in the table for Question 6.1.1. For example,Ss = Fg = 8.

Based on this, we write down the following lemma. We prove the lemma using strong induction as
described in Remark 5.2.11.

Lemma 6.1.5. The relationship between the number of ways to climb the stairs and the Fibonacci numbers
isthat S, = Fh4+ foralln 1.

Proof. In order for this to be true, we need to see whether the values o8, satisfy the same recurrence
relation as the values ofF,. We claimthat S, =S, 1+ S, »2forn 3.

If the claim is true, then we can use strong induction to show thatS, = F,4; forall n 1. Here is how
that works. The base cases1 =1 and n = 2 are true becauseS; =1 = F; and S; =2 = F3. Suppose that
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n 3andS; = Fj+; foralll 1 n 1. Using the claim, the inductive hypothesis, and the formula for
Fn+1 shows that
Sh=Sy 1+ Sy 2=Fn+Fn 1= Fpaa:

So we need to check thatS, = S, 1+ Sy 2 forn 3. Every sequence of steps up tha stairs starts
with either

a size 1 step, after which there are5, ; ways to climb the remainingn 1 stairs; or
~ asize 2 step, after which there are5, , ways to climb the remainingn 2 stairs.

By the addition principle for sets, the number of sequences of steps up the stairsisS, 1+ Sy 2, verifying
the claim. O

Another example of the Fibonacci numbers occurring in graph theory can be found in Example 8.9.3.

6.1.1 The golden ratio and a formula for the Fibonacci numbers

One drawback with recurrence relations is that it is time-consuming to compute the values in the sequence.
For example, it would be nice to nd the value of Figg9, without needing to compute the value of F, for

1 n 99. In this section, we describe a:Lo§ed form formula for the Fipgnacci numbers.
The golden ratio is the number = 2. Its conjugateis = 1->. Note that 1:61803::: and
0:61803:::. Using the quadratic formula, we see that and are the roots of the quadratic polynomial
f(x)=x2 x 1.
The golden ratio is an important number for the ratio of length to height in Greek architecture and
natural objects like sea shells.

Theorem 6.1.6. For all n 0, the Fibonacci numberF, is given by the formula
_!a p !yl
1 1+ 5 1 5

5 5 (6.1)

Remark 6.1.7. This is a surprising statement! Initially, the right-hand side of (6.1) does not even look like
an integer! Also, it is not clear why there is a connection between the Fibonacci numbers and the golden
ratio.

Remark 6.1.8. Becausej j < 1, the powers of approach 0. As a consequences, " for n large.

We will not prove Theorem 6.1.6 in this chapter, but there is some explanation of why it is true in
Section 6.2, see Example 6.2.14. It is also possible to prove it using induction, and we will revisit it in
Chapter 7.

Exercises

1. Consider the sequence dened byag =2, a; =1,andforall n 2,a, = a, 1+2a, 2. Compute the
rst several terms of the sequence. What isas?

2. Let D,, be the number of ways that ann-by-2 board can be covered by 2-by-1 dominoes, so that no
dominoes overlap.
(@) Show that D; =1, D, =2, and D3 = 3.
(b) Show that D, = Fn4 forn 1.

3. In a subway car, there is a row ofn seats. Find the number S, of ways that the seats can be lled
by an arbitrary number of people, so that no two people sit next to each other. For exampleS; = 2

since the one seat can be empty or full. Lettinge denote empty andf denote full, we see thatS, = 3,
because the choices aree fe, or ef. Show that S, = Fn+ forn 3.
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4. Counting Rocks! There are n large rocks in a row. Prove thatF., is equal to the number of ways to
paint each rock either silver or navy, in such a way that no two silver rocks are next to each other.

5. How many subsets of the sef 1;2; 3;:::; 9g contain no two consecutive integers?

6. What number do the successive quotientszz, £, E4, ..., g, F;—nl ...approach asn gets larger
and larger?

7. Using (strong) induction, prove that F,, 2" lforalln 1.

8. Here is a table of the sum of the rstn Fibonacci numbers.

n 1123|456 | 7|8
Fi+ Fo+ +Fn 1|24 |7 12| 20| 33|54

Forn 1, prove that F; + F, + + Fn = Fhs2 1 by induction on n.
9. Let F, be the n-th Fibonacci number. Show that for all n 1 we have

F1+F3+F5+ + Fonp 1= Fop:

10. Let F, be the n-th Fibonacci number. Prove that FZ+  + F2= F,Fp4 foralln 1.

11. True or False: Starting with 1; 1; 2, the Fibonacci humbers rotate odd; odd; even then odd; odd; even
then odd; odd; even etc.

12. What happens to the values of the Fibonacci sequence modulo 3?

6.2 Linear recurrence relations

Click on the icon at left or the link below for this section's short lecture video.

Linear recurrences

The examples in the last section were all related to the Fibonacci numbers. In this section, we explore
some of the many other recurrence relations. We explain how to implement recurrence relations in SAGE.
We de ne linear recurrence relations and describe the characteristic polynomial method of solving them.

6.2.1 Another recurrence relation

Here is a problem that introduces a new recurrence relation.

Example 6.2.1. How many ways can you go up a staircase with 9 steps if you can take 1, 2, or 3 steps at
a time?

Brainstorm.
# stairs 1| 2 3 4
11111111111
2 1,2 1,1,2
2,1 1,2,1
sequence of number of steps taken 3 1,3
2,11
2,2
3,
# ways 1| 2 4 7
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Answer. Let T, =# ways to climb a staircase with n steps. We claimthatT, =T, 1+ T, 2+ T, 3. The
reason is that every sequence of steps up the stairs starts with either

" asize 1 step, after which there arel,, ; ways to climb the remainingn 1 stairs, or
" asize 2 step, after which there arel,, , ways to climb the remainingn 2 stairs, or
" asize 3 step, after which there arel,, 3 ways to climb the remainingn 3 stairs.

Using this recurrence relation and the base cases found by hand, we compute:

Ti | T2 | Ta | T4 | Ts | Te | T7 | Tg | To
1|12 | 4| 7 |13|24| 44| 81| 149

Hence there are 149 ways to climb this staircase with 9 stairs.

Question 6.2.2. Find Ty, the number of ways to climb 10 stairs with these rules.

6.2.2 SAGE commands for recurrence relations

It is tedious to use a recurrence relation to compute numerous values in a sequence. Now we will see how to
use SAGE to do this work e ciently.

Let's rst set-up the recursive de nition of the sequence T,. (Note that the indentation of these commands
is quite important in SAGE and may not be accurately re ected here.)

Sage commands:

def T(x):
if x ==1:
return 1,
if x ==2:
return 2;
if x==3:
return 4
else:
return T(x-1)+T(x-2)+T(x-3)

Now we can print the rst several values of the sequencel,.
[print(T(n)) for n in [1..10]]
Example 6.2.3. This is the recursive de nition of the bonacci sequence:

def fibo(x):
if x ==1:
return 1,
if x ==2:
return 1,
else:
return fibo(x-1)+fibo(x-2)

Use SAGE to print the rst 18 Fibonacci numbers.

Example 6.2.4. A colony of wasps is building a nest in your roof. Let wasp be the number of worker
wasps (other than the queen) aftern days. Suppose wasp=1 and wasp, = 1. For n 3, suppose that the
number of wasps increases by this recurrence relation:

wasp, =wasp, ;+20 wasp, ,:
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Question 6.2.5. Set up the wasp recurrence relation in SAGE and use SAGE to nd the number of wasps
on days 1-10.

Question 6.2.6. What happens if you try to nd the 100th entry of any of the sequences above? Try to
compute T(100), bo(100) or wasp(100) using SAGE.

Exercises

1. Consider the sequence dened by =0;L;=1,and L, =3L, 1 L, 2. Implement this recursion
in Sage in order to computeL »:

6.2.3 Solving linear recurrence relations of degree 2

Supposea, is a sequence de ned from a recurrence relation and some initial values. The computer is very
fast at computing the rst several entries of a,, but gets very slow at computing entries later in the sequence.
In this section, we explain how to nd a closed-form formula for a, when the recurrence relation is linear of
degree 2. In the next section, we cover similar material for linear recurrence relations of higher degree.

De nition 6.2.7.  An linear recurrence relation of order 2 is an equation of the form
ap = Ciay 1t Can 2! (6.2)

Here the valuesc; and ¢, are constants andc, 6 0. The initial values of a linear recurrence relation of order
2 are a choice of the numbers; and a,.

For example, the Fibonacci recurrence relation is linear of order 2 with constantg; = ¢, = 1, and initial
valuesa; = a, = 1. The wasp recurrence relation is linear of order 2 with constantsc; = 1 and ¢, = 20 and
initial values a; = a, = 1.

De nition 6.2.8.  The characteristic polynomial of (6.2) is the degree 2 polynomial
c(x)= x2 ox G
By the quadratic formula, the roots of c(x) are

P
Cy C%+4C2_
—2 :

We call these rootsr, and rj.

Theorem 6.2.9. Let r; and r, be the roots of the characteristic polynomial. Suppose that; 6 r,. Then
there are constantsz; and z, such that, if n 1, then

an = zyr] + zory: (6.3)
Furthermore, there is only one choice ofz; and z, such that (6.5) is true for all n.

In general, the way to nd z; and z, is to use (6.3) whenn =1 and n = 2. We solve for z; and z,, using
that we know a;;ay;rq;r, using these equations:

ay = zirt + zorl and ay = 2112 + zor3:

For example, the characteristic poIMrlomial for the Fibonacci recurregce relation isc(x) = x> x 1. Its
roots are the golden ratio =(1+ = 5)=2 and its conjugate = (1 5)=2.

We explain how to nd the roots and the numbers z; and z, in SAGE. First, we de ne a ring of
polynomials, de ne the characteristic polynomial c(x) and use SAGE to nd its roots.
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R = PolynomialRing(RR, 'X")
Cc=x"2-x-1
c.roots();

The output looks a little complicated. This notation tells us what the roots are and that each root
happens exactly once.

[(-1/2*sqrt(5) + 1/2, 1), (1/2*sqrt(5) + 1/2, 1)]

Let's extract the roots from this complicated notation (switching their order to make things look better
at the end). Remembering that lists are indexed starting at O, for the rootr, we take the Oth entry and
then the Oth entry of that; for the root r; we take the 1st entry and then the Oth entry of that.

r2=c.roots()[0][0];
ri=c.roots()[1][O];

Now we need to nd the constantsz; and z,. To do this, we de ne them as variables and use (6.3) when
n=1andn=2.

var('z1,z2")
egnfibo = [z1*rl + z2*r2==1, z1*rl"2 + z2*r2"2==1];
Efibo = solve(egnfibo, z1,z2); Efibo

This shows us thatz; = (1 :5)p 5= 1:p 5andz, = (1:5)p 5= 1:IO 5. We then de ne the closed form
formula, use it to check the case whem = 3 and then nd the 100th Fibonacci number.

s=sqrt(5)

def Fibo(n): return expand((1/s)*(r1*n - r2”n));
Fibo(3);

Fibo(100);

Question 6.2.10. Find the characteristic polynomial of the wasp recurrence relation from Example 6.2.4.
Use SAGE to nd its roots and then the constants z; and z,. Check your work by computing the third wasp
number. Find the 100th wasp number.

6.2.4 Linear recurrence relations of higher order

More generally, we can set up a recurrence relation as follows. Fix a positive integet.

De nition 6.2.11. A linear recurrence relation of order d is an equation of the form

8 = Clay 1+ Can 2+  + Cgan o (6.4)
Here the valuesc;:::; cq are constants andcy 6 0. The initial values of a linear recurrence relation of order
d are a choice of the numbersa;:::;aq 1

Sometimes this is called an orderd homogeneous linear recurrence with constant coe cients; what a
mouthful!

The stair climbing problem in this section is a linear recurrence relation of orderd = 3 with constants
€1 = ¢ = ¢z =1, and initial values a; =1, a, =2, az = 4.

nd a closed form formula for the values a,, for large n.

De nition 6.2.12. The characteristic polynomial of (6.4) is the degreed polynomial

d 1

o(x)= x4 ¢x Cq 1X Cq
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all di erent. Then there are constants z;;:::;zq such that, if n 1, then
an = zarf +  + zgry: (6.5)
Furthermore, there is only one choice of constants;;:::;z, such that (6.5) is true for all n.

We won't see the proof of this theorem until Chapter 7. Here is how to use the theorem to nd an explicit
formula for the Fibonacci numbers without using SAGE.

Example 6.2.14. The characteristic polynomiﬁliof the Fibonacci repurrence relation isc(x) = x> x 1. By
the quadratic formula, this has roots =(1+ 5)=2and =(1 5)=2. Soa, = z; + 7z, . Substituting
n =1 and n =2, we obtain the following system of equations forz; and z,:

1+ 5 1 5

A long computation shows that z; = 1=p 5andz, = 1=p 5. This shows where Theorem 6.1.6 comes from!

Exercises

1. Let ag; a3;a;::: be the sequence de ned byag = 4,a; =5, and a, = a5 1 +2a, 2. Then using the
roots of the characteristic polynomial, we know that a, has the explicit formula b 2" + ¢ ( 1)" for
some values ob and c. Find b.

2. De ne the Lucas numbersby Lo =2, Ly =1,and L, =Ly 1+ Ly 2forn 2. Find Lqg.

3. How many ways are there to climb a staircase with 9 steps if you can take either one or three steps at
a time?

(a) Find how many ways to climb n = 1;2;3;4 steps if you can take either one or three stairs at a
time.

(b) Find a recurrence relation for this problem and explain why it is true.
(c) Compute what happens forn = 9 steps using the recurrence relation.

4. In how many ways can you cover a 3 10 grid of squares with identical dominoes, where each domino
isofsize3 1 (or1l 3ifyou turn it sideways), and you must use exactly 10 dominoes?
Remark: Each domino covers 3 squares, and so the 10 dominoes cover the 30 squares exactly

5. You have 9 dollars to spend. Each day at lunch you buy exactly one item: either an apple fo$l, or a
yogurt for $2, or a sandwich for$4. You continue buying one item each day until you have exactly$0.
This could take anywhere from 9 days, if you buy 9 apples in a row, to 3 days, if you buy 2 sandwiches
in a row then an apple. Buying two sandwiches then an apple is di erent from buying an apple then
two sandwiches. In how many di erent ways can you spend your money?

6. You have n dollars to spend. Each day you buy exactly one item: either a banana fo1 or a bagel
for $4, and you continue until you have exactly $0. Let S, be the number of ways you can spend your
n dollars (buying a banana the rst day and a bagel the second is di erent from a bagel the rst day
and a banana the second). Find and explain a recurrence relation fog, .

7. Solve the linear recurrence relation of order 2 given by, =5a, 1 6a, 2 if a1 =5 and a, =13.
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6.3 The tower of Hanoi

Click on the icon at left or the link below for the next three sections' lecture
videos.

Three nonlinear recurrences

The tower of Hanoi is a game with 3 pegs. On the left hand peg, there are disks of di erent sizes (each
with a hole in its center) stacked in order of size from largest on the bottom to smallest on the top. On
each move, you can transfer one of the disks to another peg, without ever putting a larger disk on top of a
smaller one. The object of the game is to move all the disks to another peg.

Question 6.3.1. Can the tower of Hanoi be represented as a recurrence relation?

Brainstorm. Let H,, be the minimal humber of moves needed to nish the game fon disks.

H, = 1: if there is one disk, just move it to another peg.

H, = 3: rst move the small disk to the middle peg, then move the big disk to the right peg, then put
the small disk on top of the big disk on the right peg.

In the exercises, we will show thatH3; =7 and H4 = 15.

Lemma 6.3.2. The recurrence relation for the tower of Hanoi isH; =1 andH, =2H,, 1+1 forn 2.

Proof. By de nition, it takes H, 1 moves to transfer all the disks except the biggest one to another peg.
Then it takes 1 move to move the biggest disk to the empty peg. Then, by de nition, it takes H, ; moves
to transfer all the other disks on top of the biggest one. O

Lemma 6.3.3. A closed form formula for the minimal number of moves in the tower of Hanoi game is
H,=2" 1

Proof. The formula is true in the base casen = 1. The inductive hypothesis is that H, ; =2" ' 1. By
Lemma 6.3.2,H, =2H,, 1+1. SoH, =22" ! 1)+1=2" 2+1=2" 1. So the result is true by
induction. O

Exercises

1. How many steps does it take to solve the Tower of Hanoi problem with 5 disks?

2. True or False: the recursion for the Tower of Hanoi problem is a linear recurrence that can be solved
with the methods of section 6.2.

3. When n = 3, label the disks d; (smallest) to ds (largest). Write out a sequence of 7 moves to show
that Hz = 7.

4. When n = 4, label the disks d; (smallest) to d4 (largest). Write out a sequence of 15 moves to show
that H4 = 15.

5. In the sequences of moves found in problems 3 and 4, which disks dodsrest on along the way?

6. When n = 5, label the disks d; (smallest) to ds (largest). In order to solve the tower of Hanoi in 31
steps, what rules do you need to follow about where the disksl; and d, can rest along the way?

7. In order to solve the tower of Hanoi in the minimal number of steps, the moves must be chosen carefully.
Write an algorithm to solve the tower of Hanoi most e ciently.
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6.4 Regions of the plane

On a piece of paper, draw non-parallel lines so that at most 2 lines intersect at a point. We de né®, to be
the number of regions formed if you drawn such lines.

Example 6.4.1.

(@ Py =2 (b) Pp=4= Py +2 (c) P3=7= Py+3 d) P4=11= P3+4

Lemma 6.4.2. The recurrence relation for the numberP, of regions formed by drawingn non-parallel lines
so that at most two lines intersect in a point isPp =1 andP, = P, 1+ nforn 1

Proof. If we have no lines, there is just one region, the entire plane, sBy = 1. Then, suppose we start with

n 1 lines, for which there areP, ; regions. Then-th line crossesn 1 other lines, and hence divides of
these regions in two. This shows thatP, = P, 1+ n. O

Example 6.4.3. Using the recurrence relation, we can compute more values &, .

Po | Pt | P2 | P3| Py | Ps | Ps| Pz | Pg | Pg| Py
1 2 4 7 11| 16| 22| 29| 37| 46 | 56

Proposition 6.4.4. A closed form formula for the number of regions isP,, = ”Z*f”*z foralln 1
Proof. One way to prove this is by induction.

12+1+2
—

nZ+n+2 n+1)2+(n+1)+2 nZ+3n+4
— To prove: Ppy1 = ( ) ; ) = 5 ]

Base case.Note P =2 =

Inductive step. AssumeP, =
Note

Ph+1 = Ph+(n+1) by the recurrence relation

_n?2+n+2
=—
n2+n+2 L n+2
2 2
n2+3n+4
—

+(n+1) by the inductive assumption

Hence we are done by induction. O
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Exercises
1. What is the largest number of regions that can be cut out using 11 lines in the plane?

2. Let's draw n circles in the plane. We say that they are in general position if each pair of circles
intersects in exactly two points. Let a, be the number of regions of the plane formed by circles in
general position. For example,a; = 2 because there are two regions (inside or outside the circle).

(a) Show that a, =4, a3 =8, and a,; = 14.
(b) Explain why the nth circle intersects the othern 1 circles in 2( 1) points.

(c) Label these points asPy;::: Py 1) SO that they are arranged clockwise on thenth circle. Explain
why each of the arcs below separates a region formed by the 1 circles into 2 regions:

(d) Show that a, = a5, 1+2(n 1).
(e) Use induction to show that a, = n?> n+2.

6.5 Derangements

Example 6.5.1. How many ways are there to rearrange the letters in MAT, so that no letter is in its initial
position? The answer is only 2 (out of the 3! = 6 permutations): namely ATM and TMA.

Example 6.5.2. How many ways are there to rearrange the letters in MATH, so that no letter is in its
initial position? The answer is only 9 (out of the 4! = 24 permutations): namely:
AMHT, ATHM, AHMT, TMHA, THMA, THAM, HMAT, HTMA, HTAM.

It is possible to check Examples 6.5.1 and 6.5.2 using the inclusion-exclusion principle, but it is not so
easy.

De nition 6.5.3. A derangement of a sequencea;;ay;:::;a, is a permutation such that no element g
appears in its initial position (the ith spot). Let D, be the number of derangements of a sequence af
distinct letters.

We can compute that D; =0, D, =1, D3 =2, and D, = 9. To compute D, when n is larger, it is
helpful to have a recurrence relation.

Proposition 6.5.4. For n 3, the numberD,, of derangements ofn objects satis es the recurrence relation
Dh=(n 1)(Dn 1+ Dy 2): (6.6)

Proof. Let's work with derangements of the sequence;R; 3;:::;n. Given a derangement, letc be the number
of the spot where 1 appears. Since 6 1 (else this would not be a valid derangement), there aren 1 choices
for c. Oncecis xed, we have two cases.

Case 1: the numbers 1 andc switched spots. For example, whenn = 5 and ¢ = 3, the derangement
34152 is in this case. Ignoring the rst and thecth spot, the other n 2 numbers are a derangement of their
initial positions, and there are D,, , ways to make that derangement.

Case 2: the numbers 1 and did not switch spots. For example, whenn =5 and ¢ = 3, the derangement
23154 is in this case. We are left withn 1 numbers (2 3;:::;n) thatneedto tinto n 1spots(L2;:::;n,
excluding c). Each number is restricted from exactly one spot: for the numberc, this is because it cannot
be in the rst spot in order to be in Case 2; for a numberj other than c, it cannot be in the jth spot. So
the number of options isD,, 1, the number of derangements ofh 1 objects.

There is no overlap between cases 1 and 2. So, by the addition principle, for a xed choice af the
number of derangements isD, ; + D, ». Since there aren 1 choices forc, the number of derangements
is(n 1)(Dp 1+ D, 2) by the multiplication principle.

O
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Using the recurrence relation, we can compute some more derangement values.

D; | D, | D3 | D4y | Ds | Dg D+ Dg Dg D1o
0 1 2 9 44 | 265 | 1,854 | 14,833 | 133,496| 1,334,961

Here are two more formulas for derangements; one is recursive and the other is explicit. We will see
proofs of these facts in the exercises below.

Proposition 6.5.5. For n 2, the numberD,, of derangements ofn objects satis es this other recurrence
relation

Dhp=nD, 1+( 1)": (6.7)

Theorem 6.5.6. Here is a closed form formula for the number of derangements:

1 1 1 ( )"
+ +
1 21 3l n!
Exercises

1. How many permutations of the word MONDAY have at least one letter in the correct spot?

2. What is the distance betweenDs (the number of derangements of 5 objects) and 5e on the number
line, to the nearest 1/1000 as a decimal?

3. An interesting fact about derangements is thatD, is the integer closest ton!=e Check that this is

4. Use the previous problem to estimate the probability that a permutation of n objects is a derangement
when n is large.

5. Prove Proposition 6.5.5 thatD, = nD, ;+( 1)" by induction as follows:

(a) Show that (6.7) is true when n = 2.
(b) Write out the inductive hypothesis by substituting n 1 for n into (6.7).
(c) Use part (2) and (6.6) to prove the inductive step.

6. Prove Theorem 6.5.6 using Proposition 6.5.5.
7. Let Wy be the permutations of 1;:::;n that x the number k.

(@ For1 k n,show that jWyj=(n 1)L

(b) Show there are g ways to choose two setdV, and W- with k 6 *; explain which permutations

are in W\ W- and nd jWg\ W-j.

of these sets?

(d) The inclusion-exclusion principle gives a way to nd the size of the union of the setsWy;:::; W,.

Use that to nd the size of the complement of this union and show thatD, = n!" ( ill)n
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6.6 The Catalan numbers

Click on the icon at left or the link below for this section's short lecture video.

Catalan Numbers

The Catalan numbers are one of the most celebrated sequences in combinatorics. They are de ned by
the following recursion.

De nition 6.6.1. The Catalan numbers are the sequence of number€y; Cy; Cy;::: having initial value
Co =1 and satisfying the recurrence relation

Chs1 = CoCr + C1Cy 1+ CoCy 2+ + CCy:
Starting with n = 0, we can use the above recursion to compute that the rst 10 Catalan numbers are
1,1;2;5;14; 42,132 429 1430 4862

One of the most important combinatorial interpretations of the Catalan numbers is in terms of Dyck
paths

De nition 6.6.2. A Dyck path of length 2n is a path on the integer lattice grid from (0;0) to (n;n) that
only uses up and right steps and stays on or above the main diagonal.

For example, here are the Dyck paths of length 6:

We can alternatively represent these paths a®yck words , which are sequences af U's and n R's such
that as we read from right to left, the number of U's we have read is always at least equal to the number of
R's we have read. Here are the ve corresponding Dyck words of length 6:

UUURRR; UURURR; UURRUR; URUURR; URURUR:

Proposition 6.6.3. The number of Dyck paths of lengtt2n is equal to thenth Catalan number C, .

Proof. Let D, be the number of Dyck paths of lengthn. There is only one Dyck path of length 0, namely
the empty path. So Dy =1 = Cy, and the initial value is satis ed.

To prove that D, satis es the recursion, consider the rst time at which a Dyck path of length n +1
returns to the diagonal after the rst step. The height of this rst return is some numberi between 1 and
n + 1 inclusive. Let D41 be the number of Dyck paths of lengthn + 1 whose rst return has height i.
Then by the addition principle we have

Dn+1 = Dp+1:1+ Dpar2 + + Dn+tin+t: (6.8)
Now, to compute Dy+1 i, notice that since the rst return to the diagonal is at height i, the rst part of the

path (from point (0 ;0) to (i;i)) is uniquely determined by drawing a Dyck path from point (0;1) to (i  1;i),
which givesD; ; possibilities for the rst part.
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The remaining steps in the path simply form a Dyck path of heightn+1 i, of which there areDp4+1 .
Therefore, by the multiplication principle, we have

Dn+1;i = Dj 1Dn+1 it

Thus in particular we have Dp+1:1 = DoDn, Dn+1:2 = D1Dp 1, and so on. Plugging these formulas into
Equation 6.8 above, we obtain

Dn+1 = DoDpn + D1Dn 1+  + DpDo
as desired. ThereforeD, satis es the same recursion as the Catalan numbers, sb, = C, for all n. O
Theorem 6.6.4. A closed form formula for the nth Catalan number is

2n 2n 1 2n
Cn = n n+l n+1 n ° (6.9)

Theorem 6.6.4 will be proven later in Section 7.6. It is not hard to check that the two formulas forC,
in (6.9) are the same.

Catalan numbers do not just count Dyck paths; in fact, there are 214 di erent known combinatorial
descriptions of the Catalan numberg! Let's consider some descriptions in the casa = 3.

Example 6.6.5. The fact that C3 =5 is equivalent to there being 5 ways to:

1. put parentheses around 4 letters
((xy))w; (x(yz))w; (xy)(zw); x((y2)w); x(y(zw));

2. divide a convex pentagon into triangles;

3. tile a stair of height 3 with 3 rectangles;

2All of these descriptions can be found in the book \Catalan Numbers" by Richard Stanley.
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1[2[3] [1[2[4|[1]2]5][1][3]4][1[3]5
4]5|6[3[5|6[[3[4]6[2]5|6][2]4]6

5. pair the vertices of a hexagon so that the line segments joining paired vertices do not intersect;

6. draw a rooted binary tree with 4 leaves such that every vertex has either O or 2 children (we will see
more about trees in Chapter 9).

7. write down a sequencedy;ap;:::;ag) of I'sand 1's such that each partial suma; + a, + + & is
nonnegative and the entire suma; + a, + + ag is 0.

L1 1, 1 1)L Ly 1L 1):(L1L 1 L1 1)1 LLL o1 1):( 1,1 1,1 1)

Exercises

1. How many lattice paths from (0,0) to (4,4) using up and right unit steps stay on or below the
diagonal?

2. How many Dyck paths from (0,0) to (5,5) stay strictly above the diagonal, that is, they don't touch
the diagonal at any point between (0,0) and (5,5)?

3. Suppose candidates Uppity and Rightley are running for class president. 13 of the students in the
class plan on voting; 6 of them will be voting for Uppity and 7 will be voting for Rightley. How many
sequences of ballots (which can be thought of as sequences of 6 U's and 7 R's in some order) have
the property that, as they are counted in order, Rightley is never ahead until the very last ballot is

counted?
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4. When n =4, then C4 = 14. In these exercises, nd the 14 ways to do each of the following.

(a) Draw a Dyck path;

(b) write a Dyck word;

(c) put parentheses around 5 lettersxyzwv;
(d) divide a convex hexagon into triangles;
(e) tile a stair of height 4 with rectangles;

(g) pair the vertices of an octagon so that the line segments joining paired vertices do not intersect;
(h) draw a rooted binary tree with 5 leaves such that every vertex has either 0 or 2 children;

(i) write down a sequence @y;ap;:::;ag) of I'sand 1's such that each partial suma; + a,+ + &
is nonnegative and the entire suma; + a, + + ag is 0.
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Chapter 7

Generating functions

This chapter centers ongenerating functions which are a technique for using polynomials and series for
solving problems in combinatorics. Generating functions are the cornerstone of a eld of mathematics called
algebraic combinatorics

First we motivate why generating functions are useful by studying some problems about making change.

7.1 Making change

Click on the icon at left or the link below for the next two sections' lecture video.

Generating Functions

Example 7.1.1. Suppose you have 6 pennies and 2 nickels in your pocket. The pennies look identical and
the nickels look identical. How many di erent ways can you give some of the coins to your friend?

It is clear that the most you can give is 16 cents and the least you can give is 0 cents. There are two ways
that you can give 6 cents, either 1 penny and 1 nickel or 6 pennies. To be more systematic, the number of
cents you give will be

0;1;2;3;4;5;0r 6 in pennies plus 05;or 10 in nickels

We want to add the value of pennies to the value of nickels. The key insight is that weadd exponents in a
product of polynomials. So we use the exponents above in two polynomials and then multiply them.

(XO+ x+x2+ x3+ x4+ x5+ x8) (xO+ x5+ x19):
We expand this to get:
X0+ x+ x%2+ x3+ xt+2x5+2x8 + x7+ xB+ x%+2x10 + 2xM + x12 + x13 + x4 + xI° + x16:

The fact that the largest value you can give is 16 is represented by the ternx!® = x5 x19, for 6 cents
in pennies and 10 cents in nickels. The fact that the smallest value you can give is 0 is represented by the
term x° = x% x° for O cents in pennies and 0 cents in nickels. The fact that there are two ways that you
can give 6 cents is represented by the term»® = x8 x%+ x x5, for either 6 cents in pennies and 0 cents
in nickels or 1 cent in pennies and 5 cents in nickels.

More generally, this polynomial encodes the number of ways to givany number of cents using 6 pennies
and 2 nickels! For example, the term X' = x® x5+ x! x!0 tells us that there are two ways to give 11
cents, which makes sense since you can give 6 cents in pennies and 5 cents in nickels or 1 cent in pennies and
10 cents in nickels. Just by reading the coe cients above, we see that there are 2 ways of giving 10 cents
but only one way of giving 7 cents. It even tells us that there are no ways of giving 17 cents!
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Let's now try a somewhat more complicated example.

Example 7.1.2. Suppose you have 6 penniest0.01 each), 2 nickels $0.05 each), 4 dimes $0.10 each), and

3 quarters ($0.25 each) in your wallet. You can't tell the di erence between any two coins of the same type;

for instance, the pennies are indistinguishable from each other. In how many di erent ways can you make
change for a dollar?

Again, one way to approach this is to write out the possibilities. As a way of organizing it, we'll start with
the maximum possible number of quarters, then the maximum possible number of dimes, and so on. So the
rst possibility is using all 3 quarters, then the maximum of 2 dimes, and then a nickel. The next possibility
uses 3 quarters and 2 dimes but then 5 pennies instead of the nickel. Then we consider the possibilities with
3 quarters and only 1 dime, and so on. We get the following list:

~ 3 quarters, 2 dimes, and a nickel

~ 3 quarters, 2 dimes, and 5 pennies

" 3 quarters, 1 dime, 2 nickels, and 5 pennies
~ 2 quarters, 4 dimes, and 2 nickels

~ 2 quarters, 4 dimes, 1 nickel, and 5 pennies

We do not have enough smaller coins to use 2 quarters and only 3 dimes, or only 1 quarter. So there are
only 5 possibilities total.

Let's now use polynomial multiplication to solve this instead. For each type of coin, if the coin is worth
k cents, we associate the polynomial 1« + x? +  + x™ where m is the number of that coin we have.
This way, the exponents in our polynomial encode the possible amounts of cents we can make using just
those coins. So we would get the polynomials:

" Pennies: 1+ x+ x%+ x3+ x4+ x5+ x®

" Nickels: 1+ x®+ x*0

® Dimes: 1+ x19+ x20+ x30 4+ x40

" Quarters: 1+ x25+ x50+ x5

We take the product of all four polynomials:

(1+X+X2+X3+X4+X5+X6) (1+X5+X10) (1+X10+X20+X30+X40) (1+X25+X50+X75)
Typing this product into Sage using the commandexpand, we nd that the product expands as:

131 4 5130 4 3120 4 128 4 (127 4 9 4126 4 9 5125 4 (124 | 4123 4 122 4 3 4121 4 3 4120 4 9 119 | 5 118 4
2X117 +3 XllG +3 X115 + X114 + x113 + XllZ +3 Xlll +3 xllO +2 X109 +2 X108 +2 X107 +4 X106 +4X105 +
2x104 4 9 4103 4 5 4102 4 5 4101 4 5 5100 4+ 3 %99 4 3 598 + 3 %97 4+ 6 x9 + 6 x5 +3 x% +3 x93 + 3 x92 + 6 xOL +
6X90+3 X89+3 X88+3 X87+6 X86+6 X85+3 X84+3 X83+3 X82+6 X81+6 X80+3 X79+3 X78+3 X77+6 X76+
6X75+3X74+3X73+3X72+6X71+6X70+3X69+3X68+3X67+6X66+6X65+3X64+3X63+3X62+
6X% +6 x50 +3 x50 +3x%8 + 3 x57 +6 X% +6 x%° +3 x> +3 x5 +3x%2 +6 x5 +6x%0 +3 x4 +3x%8+
X +6xB+6xP+3xM+3xB+3x2+6xM +6x0+3xI¥+3x3¥+3x3 +6x% +6xF+3x3+
3xB+3x32+5x3 +5x0 +2x9 +2xB +2x27 +4xB +4 x5 +2xH +2xBP +2x22+3x21+3x0 +
X204+ x84+ x17+3 x104+3 x1°+2 x14+2 x13+2 x12+3 x11+3 x10+ X9+ xB+ x"+2 x®+2 x5+ x*+ x3+ x2+ x +1

Look closely at the x1%° term above. Its coe cient is 5, which is exactly the number of ways of making
100 cents (one dollar) out of the coins! Indeed, each way of getting'® from the product corresponds to a
choice of some number of the pennies, nickels, dimes, and quarters that add up to 100 cents.
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Proposition 7.1.3.  Suppose you havd; pennies, ks nickels, kg dimes, and kos quarters in your pocket.
Then the number of ways you can make change for cents is the coe cient of x" in the polynomial

(1+ X + + Xkl) (1+ X5+ + X5k5) (1+ XlO + + XlOklo) (1+ X25 + + X25k25):

Notice that the above reasoning works no matter what values the coins are. Here is an example using a
di erent kind of currency.

Example 7.1.4. In Harry Potter currency, a Knut is the analog of a penny, a Sickle is worth 29 Knuts, and
a Galleon is worth 17 Sickles (so a Galleon is 1729 = 493 Knuts). If we have a wizarding money pouch
containing two Galleons, two Sickles, and three Knuts, the corresponding polynomials are:

© Knuts: 1+ x+ x2+ x3
~ Sickles: 1+ x2° + x58
~ Galleons: 1+ x#93 + x986
Multiplying these polynomials together and expanding in Sage, we nd:
(L+ x+ x2+ x3)(L+ x2 + x5B)(L+ x4 + x986)
= x1047 4 1046 4 51045 1 1044 4 1018 1 1017 4 1016 4 1015 4 5989 4 988 4 987 4 986 4 %5544 ¥ 553 4 x552 4

X551+ X525+ X524+ X523+ X522+ X496+ X495+ X494+ X493+ X61+ X60+ X59+ X58+ X32+ X31+ X30+ X29+ X3+ X2+ X+1

Notice that all of the coe cients in this polynomial are 1. That means there is exactly one way to make
change for each of the exponents appearing: 1047046 104510441018 1017, etc., and no ways to make
any other amount of wizarding money using the coins in that pouch.

We can summarize our ndings in the following theorem.

Theorem 7.1.5. Suppose there aran types of coins of valuesk,; ky;:::;km, and you haveny;ny;:::;ny of
each type of coin respectively. The number of ways to make change for a total valueMfusing these coins
is the coe cient of xN in the product

(1+ Xk1 + X2k1 + + ankl)(l_l_ ng + X2k2 + + ankz) (1+ ka + X2km + + Xnm km):

Proof. If we multiply together one term from each factor in the product, we get a product of the form
Xa1k1Xa2k2 Xam Km - Xa1k1+ asks+  +amkm

where eachy n;. The exponenta;k; + axks, + + amkn equalsN exactly when adding a; copies of

k; for eachi adds up to N, which corresponds to usinga; coins of thei-th type to make change for N.

Therefore, the number of timesxN occurs in the expansion of the product is exactly the number of ways to
make change forN . O

Exercises

1. Suppose you have the same coins in your wallet as in Example 7.1.2 above, namely 6 pennies, 2 nickels,
4 dimes, and 3 quarters.

(&) How many ways can you give someone 70 cents?
(b) How many ways can you give someone 110 cents?
(c) What are the values m such that there is exactly one way to give someonen cents?
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2. The polynomial in Example 7.1.4 shows that there should be exactly one way of making exact change
for 553 Knut values using at most two Galleons, at most two Sickles, and at most three Knuts. Figure
out how to make change for 553 using these coins, and explain how it comes from multiplying terms
from the three factors in the product.

3. At the video arcade, the red token is worth 3 dollars, the green token is worth 4 dollars, and the black
token is worth 5 dollars. You have 8 red tokens, 6 green tokens, and 4 black tokens. The question is
how many ways you can spend 50 dollars in tokens.

(a) Find the polynomial f (x) that shows how many ways to spend every number of dollars in tokens.
(b) Expand f (x) in Sage using the commandexpand.

(c) How many ways can you spend 50 dollars in tokens?

4. The Haunted Game Cafe in Fort Collins sells bu alo wings in small or large baskets. The small basket
contains 9 wings and the large basket contains 15 wings. A group of friends wants to order some bu alo
wings, but there are only 6 small baskets and 5 large baskets left.

() Find a polynomial that shows how many ways they can order every possible number of bu alo
wings.

(b) How many ways can they order 60 bu alo wings?

7.2 Generating functions

Suppose a cashier with arunlimited supply of each coin was trying to gure out how many ways they can
make change for a dollar. Then the polynomials from Section 7.1 would turn intoin nite summations:

" Pennies: 1+ x+ x2+ x3+

" Nickels : 1+ x5+ x10 + x5+
Dimes ;: 1+ x10+ x20 4+ x30 4

" Quarters @ 1+ x2°+ x%0+ x75 +

We therefore need to de ne a notion of addition and multiplication of these types of in nite series, which
we call generating functions

De nition 7.2.1.  The generating function  of the sequence of numbersy; a;; ay;::: is the series
b3 .
aix' = ag+ ajx + axx? + agx® +
i=0

(Here x is just a formal symbol, and the coe cients of the series are the important part!)

Remark 7.2.2.  Any polynomial can be interpreted as a generating function of a sequence that is eventually
0; for instance, the generating function of the sequence

1;1;3;0;0;0;0;0;0; : : :

1+ x+3x2+0x3+0x*+0x%+ =1+ x+3x%
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Example 7.2.3. The generating function of the sequence 11;1;1;1;1; 1; 0; 0; 0; 0; : : : is the polynomial
1+ x+x2+x3+ x4+ x5+ x5;

which is the polynomial we used to record the six pennies in Example 7.1.2. On the other hand, the
polynomial that recorded the two nickels was

1+ x%+ x1°;
which is the generating function of the sequence
1,0,0;0;0;1,0;0;0;0; 1,0, 0; 0; 0; 0; 0; 0; 0; 0; O; : : :
having a 1 in the Oth, 5th, and 10th positions of the sequence and 0 everywhere else.

Example 7.2.4. The generating function of the sequence 2;3;4;5;::: (in other words, the sequence
ao;a1;a;:::denedby a =i+1)is

1+2x+3x%2+4x3+
We will revisit this example in the next section.
Example 7.2.5. The generating function of the Fibonacci sequence;1;2; 3;5;8;::: is
1+ x+2x2+3x3+5x*+8x°+
By the end of this chapter we will see how to use generating functions to nd an explicit formula for the

Fibonacci numbers themselves.

Example 7.2.6. (Revisiting the binomial theorem.) Fix a number n. The generating function of the
n )

n. n . n ... n .
sequence | ; 1 4 29iisy g IS0

This looks very familiar! The right hand side is what we get if we substitute y = 1 into Theorem 4.2.2
and rearrange the terms:

1+x)"= "o+ X + X“+ o+ x":
n

In fact we can replace | with ¢, replace ", with 7 , and so on by the symmetry of binomial

coe cients, to get the somewhat nicer looking identity

n n n n
1+ x)" = o ¥ X + X2+ o+ . x":

[y
N

Here is a di erent way to think about this that is similar to the problem of making change. Let's say there
are n people in a room and you need exacthk of them to complete a survey. You can ask each person to
hold up a card saying O if they did not complete the survey and saying 1 if they did. You need the sum of
the cards to bek.

Equivalently, from the polynomial 1+ x you can ask each person to choose the monomial 1x° if they
did not complete the survey and to choose the monomiak = x! if they did. Then you need the product of
the chosen monomials, which is the sum of the exponents, to equak. The conclusion is that the coe cient
of x¥ in (1+ x)" is the number of ways to choose exactlk people out of then people to complete the survey,

and this number of ways is | . In other words, | is the coe cient of xKin (L+ x)".
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7.2.1 Are generating functions actually functions?

In this book, we will not be thinking of generating functions as functions. While it is common to use notation
like
A(X) = ap+ aix + ax? + agx® +

to denote a generating function, the notation A(x) is just a convenient shorthand. We will not be substituting
a numerical value ofx into the formula for a generating function. Indeed, if we try to plug in certain values
of x into an in nite series, the sum may not even converge.

Instead, we like to think of x as a formal symbol. The reason we take powers of is that the ways we
manipulate generating functions are very similar to the ways we manipulate polynomials and power series
in calculus. We will de ne properties of generating functions in the next section.

As Herbert Wilf says in his book Generatingfunctionology,

\A generating function is a clothesline on which we hang up a sequence of numbers up for display."

In other words, it is the coe cients (the sequenceay; a;; ay;::: that we are hanging up for display) that we
are studying here, not any sort of output of the function. In combinatorics, we study the series itself to gain
information about its coe cients.

Remark 7.2.7. We can use any variable we want to write down the generating function of a sequence.
So far we have been considering generating functions iR, but for instance, the generating function of the
sequence 12; 3;4;5;::: in the variable y is

1+2y+3y? +4y3 +
and its generating function in the variable , is

1+2, +3,2%2+4, %+

Exercises

1. Write down the generating function of the sequence of even numbers;2; 4; 6; 8;::: in the variable x,
in the variable y, and in the variable , .

2. Write down the generating function (in x) of the sequence 1 1;1; 1;1;, 1;::.
3. What sequence gives rise to the following generating function?

1+x2+ x4+ x8+

7.3 Operations on generating functions

Click on the icon at left or the link below for this section's short lecture video.

Operations on generating functions

If the cashier has anunlimited supply of pennies, nickels, dimes, and quarters, we wish to \multiply"
the corresponding in nite generating functions just like we multiplied the polynomials in Example 7.1.2. We
therefore now need to de ne operations on generating functions. The four main operations we will consider
are addition, multiplication, sulgstitution of a monomialyand di erentiation.

In this section, let A(x) = rlﬁo a,x" and B(x) = i:o b, x" be two generating functions.
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7.3.1 Addition (and subtraction) of generating functions
Addition is the simplest operation on generating functions; we simply add corresponding coe cients:

p 3 p3 b3
AX)+ B(x)=  ax"+  bx" = (ay+ by)x": (7.1)
n=0 n=0 n=0

Writing out the summations, the rst few terms look like:
(a0 + arx + ax®+ )+ (hp+ bix+ bx?+ )=(ag+ bo)+(ar+ b)x+(ay+ bp)x®+
Example 7.3.1. The sum of the generating functions
1+ x+ x2+x3+ x4+ x5+ x%+
and
1 x+x% x3+x* x5+x8+
2+2x%+2x*+2x%+

We can similarly subtract generating functions. In fact, any generating function minus itself equals 0
(the generating function of the sequence (0;0;0; 0;:: ).

7.3.2 Multiplication of generating functions

Multiplication of generating functions works much like multiplication of polynomials. Let's start with an
example.

Example 7.3.2. Consider the generating function of the sequence;2; 3;4;5;6;:::. We will compute its
product with itself:

(1+2x+3x2+4x3+5x*+ )1 +2x+3x%2+4x3+5x*+ )

Naively we would expect the expansion of this product to be performed by multiplying one term from the
left factor with one term from the right factor in all possible ways, and adding up the resulting terms. We
can organize these products in a table as follows:

1 2x 3x2  4x3 x4
1 1 2 3xZ  4x3  5x*
2X | 2x  4x?  6x®  8x*  1x®
3x2 | 3x2  6x3  9x* 15 15¢8
4x3 | 4¢3 8x*  12® 16x®  20¢7
5x* | 5x*  10x> 15x® 20x7 25«8

Finally, to compute the sum of all the entries of this table, we notice that the down-and-left diagonals all
have the same exponent ok, and we can combine the terms along each diagonal, obtaining the sum:

1+(@2x+2x)+(Bx2+4x2+3x%)+(@x3+6x3+6x3+4x3)+ =1+4x+10x%+20x%+
We can generalize the above example as follows. To compute the product
AMX)B(X)=(ap+ aix + ax®+ (o + byx + bpx®+  );
consider the table:
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bo by X box?  bex®  hux?
ao ahy  abix aghpx®  aghsx®  aghsx?
aiX | athpx  ajhx?  ailpx®  aibyx*  ajhux®
ax? | axlpx? aybx®  aybpx?  ahbx®  axhyx®
a3x3 agh)X3 a3b1x4 a3b2x5 83QX6 a3b4x7
asx* | ashox?  aubix®  ashpx®  asbzx’  ashux®

Again we add down the down-and-left diagonals to get the following summation:
A(X)B(x) = (agho) + (‘aghy + asho)x + (@oh, + arhy + aghy)x? +

In general, we see that the coe cient of X" in the product above isagh, + a;hb, 1+ axh, 2+  + azby: This
leads to the general de nition of multiplication of generating functions.

De nition 7.3.3. We de ne the product of the generating functions A(x) and B (x) by

X X
A(x)B(x) = anx" box" = (aghy + apby 1+ aphy 2+ + aphp)x”
n=0 n=0 n=0 |
X X '
= achy, « x":
n=0 k=0

P
The coe cient E:o ach, ¢ of x" is called the n-th convolution of the sequencesg;a;;::: and by;by;:::.

We can use the multiplication rule to prove one of the most important generating function identities,
known as ageometric series

Theorem 7.3.4. We have the identity

1

1+x+ x>+ x3+ = :
1 X

Proof. The meaning of this identity is that the product of the generating functions 1 + x + x2 + x3 +
and 1 xisequaltol=1+0x+0x%+0x%+ . Indeed, using the formula for multiplying generating
functions, we nd that the coe cient of x° is 1, and all the other coe cients are 1 1 =0. O

Remark 7.3.5. If you have a good memory, you might remember the formula in Theorem 7.3.4 from Calculus
IIl. In Calculus 11, you learn that 1+ x + x? + is the Maclaurin series for the functionf (x) =1=(1 x),
in other words the Taylor series forf (x) centered at x = 0; also you might have learned that the radius of
convergence for the Maclaurin series iR = 1.

It is important to clarify the di erence between those statements in calculus and Theorem 7.3.4. In this
chapter, we are de ning everything algebraically and only need the multiplication and addition rules for
series to prove Theorem 7.3.4. We will not focus on the radius of convergence since we are not evaluating
this series at any number.

A \closed form formula" for a generating function is a formula thquoes not involve an in nite summation.
In Theorem 7.3.4, we found the closed form formula £1  x) for ilzo x'. We will see in Section 7.4 that
nding a closed form formula for a generating function can often come in handy for computing its coe cients.

Example 7.3.6. A similar argument to Theorem 7.3.4 shows that the alternating series 1 x + x> x3+
x4 x5+ has the closed form formula £(1 + x).
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P :
Example 7.3.7. Let's compute the square of the geometric series ilzo x'. By the multiplication rule, we

have
A+ x+x2+x3+ HA+x+x2+x3+  )=1 1+(1 1+1 x+(1 1+1 1+1 1)x2+
=1+2x+3x2+4x3+

We can simplify the left hand side as E(1 x)? using Theorem 7.3.4, leading to the closed form generating

function identity

1
1+2x+3x%2+4x3+ = ——
(1 x)?

for the sequence 12;3;4;:::.
Example 7.3.8. Multiplying a generating function by X. We can think of x as the generating function
0+ x+0x2+0x%+ , and use the multiplication formula to nd:
X(ag+ ax + a2+ agx*+ )= (0+1 x+0x2+0x3+ ) ap+ aix+ ax?+ azx*+ )
=0 a)+(0 ar+1 a)x+(0 a+1 a+0 a)x’+
=0+ apX + a;x? + ayx3 +

This is indeed intuitively what we would expect if we simply \distributed" the x across the in nite summation.
In terms of coe cients, it also shows that multiplying a generating function by x shifts the coe cients;

precisely, whenA(x) is the generating function of the sequenceny; a;; az;:::, then the coe cient of x" in
XA (x) is a, 1. In summation notation,
!
p 3 R X
X anx" = anx"tt = am 1X™;
n=0 n=0 m=1

where the last equality uses the substitutionm = n + 1. Sometimes, we replacan by n in the last line and
write !
R X
X a,x" = a, 1x":
n=0 n=1
Example 7.3.9. For instance, we can multiply both sides of the geometric series formula by to nd

X.
1 x’

X+ X2+ X3+ x4+ =

Similarly, we can multiply a generating function by x* to shift the coe cients by k spots, and we can
multiply through by a constant. For instance, we can multiply the geometric series formula by %? to get
the identity
2x2

22 +2x3+2x4+2x5+ = v

7.3.3 Substituting monomials into generating functions

A monomial in x is any term of the form ax" wherea is a number andn is an integer called the degree. We
may substitute monomials of positive degree into generating function identities to produce more identities.

Example 7.3.10. Write G(x) = 1+ x+x2+x3+x*+ . Then we have the closed form formuleG(x) = %
by Theorem 7.3.4. We can substitute X for x to obtain

G(2x)
1
1 2x

1+2x)+(2x)2+(@2x)%+

1+2x+4x%+8x°%+
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Example 7.3.11. If we want to nd a closed form formula for 1+ x?+ x*+ x8+ x8+ | we notice that

it is the result of substituting x? for x in the geometric series, to getG(x?) = 3 1X2 .

Remark 7.3.12. Warning: do not try to substitute constants or formulas that are not monomials into

generating functions without caution! What goes wrong if we substitutey = 1+ x in the generating function
1+y+y?+y3+y*+ 2 What goes wrong if we substitutey = 1? More generally, the composition of
generating functions G(F (x)) makes sense only wher (x) has no constant term.

7.3.4 Di erentiation of generating functions

We now de ne di erentiation of generating functions, by extending the power rule for derivatives in calculus.

De nition 7.3.13. We de ne

b3
i anx" = nap,x" 1= (n+1)ay. x":

n=0 n=1 n=0

In the last equality, we re-indexed by replacingn with n + 1. More visually:

d
g 2ot X+ aox? + agx® + = a; +2a,X + 3agx? +4ayx3 +

Remember that generating functions are formal power series that we are not thinking of as actual func-
tions. The amazing thing is that, despite this, all of the usual di erentiation rules from calculus still apply
here. In particular, for any generating functions F(x) and G(x), the following identities hold:

~ Sum Rule: %(F(x)+ G(x)) = %F(x)+ %G(x)

~ Product Rule: %(F(X)G(X)): G(x) %F(x)+ F(x) %G(x)

Quotient Rule:  If G(x) has a nonzero constant termgox®, then

d F(x) _ GX)AF(x) F(X)ZG(X)

dx G(x) G(x)?2

Chain Rule for monomials: Let H(x) = %F(x) and let ax" be any monomial in x. Then
Z(F(ax") = ax" ! H(ax").

Example 7.3.14. The derivative of the geometric series 1 +x + x? + x3+ x* + x5+ is1+2x+3x%+
4x3+5x*+  : We therefore have
2 3 4 _d 2, w34 4
1+2x+3x°+4x°+5x"+ —d—x(1+x+x + X7+ x"+ )
d 1
dx 1 x
_ 1
(1 x)?

which gives another proof of the identity we found via multiplication in Example 7.3.7.
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Exercises

1. Find a closed form formula for the in nite series 1 x+ x2 x3+

P
2. Prove that 1=(1 nx) = i:o nXxX for any xed positive integer n.
3. For any positive integer m, show that 1 + x™ + x™ + x3m + = 1
4. Use the derivative to nd the coe cients ap;a;;ay;::: that yield these closed form formulas:
(a)
L gt ax+ apx®+
1 %3 o 1 2
(b)
L ataxtax+
T x° ch 1 2
(c)
Lt ax+ ax®e+
@ N do 1 2

5. Recall this fact about the sequence {12; 3;::: whose generating function has the closed form=%(1 x)2.
Let ax = k+1. Note that ax is the number of ways to buyk ags, from an in nite collection of gold
and green ags.

(a) Let ap;a1;::: be the sequence found in part (a) of the previous problem, whose generating function
has the closed form £1 x)3. Find a formula for ax. Show that ay is the number of ways to
buy k ags, from an in nite collection of gold, green, and pink ags.

(b) Repeat using the sequence found in part (b) of the previous problem, where the generating function
has the closed form £1 x)* and there are 4 colors of ags.

(c) Repeat using the sequence found in part (c) of the previous problem, where the generating function
has the closed form £1 x)N and there areN colors of ags.

6. Find another way to verify the formulas you found for (a), (b), and (c) in the two previous problems
using the geometric series and multiplication of power series. Your answer should include the formula
for the number of ways to count n objects where order does not matter and repeats are allowed. Your
answer should include an explanation, like the ones in the section about making change, about the
meaning of the coe cient of x".

7. We de ne E(x) to be the generating series for the sequenca, = % whose rst terms are 1, 1; %;

1....
é’ e
In other words

- 12,13
E(x)=1+ x+ Ex + 5x +
Use the process of taking a derivative of an in nite series to show thatd(E (x))=dx = E(x). Explain
why this makes E (x) behave like the function €*.

7.4 Solving recurrences with generating functions

Click on the icon at left or the link below for this section's short lecture video.

Solving recurrences with generating functions

In this section, we will see how to nd explicit formulas for recursively de ned sequences using generating
functions. Then we use this to investigate some of the nonlinear recurrences that we de ned in Chapter 6.
The steps to nd explicit formulas for recursively de ned sequences are as follows:
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1. De ne the generating function. If ag;ay;ay;::: is a recursively de ned sequence, seA(x) =
ag + aix + ax® + to be its generating function.

2. Solve for the generating function. Use the recursion that de nes the sequence, along with the
generating function operations we have studied, to nd an equation that A(x) satis es. Solve this
equation to nd a closed form formula for A(x) in terms of x.

3. Expand to compute the coe cients of the generating function. Expand the closed form
formula for A(x) found in the previous step as a generating function (this step will often involve the
geometric series formula or some other well-known identity). If this expansion has a nice formula for
the coe cient of x", then that gives an explicit formula for a,.

Example 7.4.1. Consider the sequence de ned byay = 3 and for all n 1, a, = 2a, 1. While it is not
hard to nd an explicit formula for this sequence without using generating functions, we'll start with this as
a simple example to demonstrate the three steps of the method.

1. De ne the generating function: We de ne
R
A(X) = anX" = ag+ ajx + apx? + agx® +
n=0
2. Solve for the generating function: We would like to nd a closed form formula for A(x). The

recursion formulaa, = 2a, ; tells us that each coe cient is twice the previous one. By Example 7.3.8,
the coe cient of x" in XA(x) is a, 1 foreveryn 1. We can also multiply the result by 2 to get:

R p3

2xA (X) = 2a, 1xX" = anx"

n=1 n=1
where the second equality above follows from the recursiom, = 2a, 1. Now, the right hand side
above looks almost likeA(x) | but wait! The summation startsat n =1, not n =0. Let's x this by
subtracting and adding the ag term back in (which does not change the equality) to get an equation

for A(x):
R R
2XA(X)= ag+ ap+ a,x" = ag+ anx" = ag+ A(X)= 3+ A(X):
n=1 n=0
We have nearly completed step 2 | solving the equation 2xA(x) = 3+ A(x) for A(x), we have

2x 1DAX)= 3,s0AX)=3=(1 2x).
3. Expand to compute the coe cients: By substituting 2 x in for x in the geometric series formula,
and then multiplying by 3, we see that

pS b3 X
=3 (2x)"=3 2"x" = 3 2"x":
n=0 n=0 n=0

A(x) =

1 2

P
Having gpmpleted the three steps, we now have the big payo : we know thatA(x) = ﬁ -0 anx", but also
A(x)= ;-3 2"x". Since these are the same generating function, we can conclude thag =3 2" for
all n, and voila! We've found an explicit formula for a,.

Tip: It is often useful to get a more concrete handle on this generating function in steps 1 and 2 by using
the recursion to calculate the rst few terms of the sequence. Starting withay = 3, we have a; = 2ay = 6,
a=2a; =12, and azg =2a, = 24. So

A(X)= 3+ 6x+12x%+24x3+
2xA(x) = 6X +12x%+24x3 + :::

By lining up the terms for A(x) and 2xA (x), we see that XA(x) A(x)=3.
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7.4.1 The Tower of Hanoi

In Section 6.3, we studied the Tower of Hanoi game. We found that the recurrence relation for the number
H, of steps it takes to solve satisesH; =1 and H, =2H, ;+1forall n 2. Notice that if we setHy =0
we get a sequence that satis es the recurrence for ath 1. Let's use this recursion to try to solve for the
generating function of the sequencédo; H1;H2;:::, by going through the three steps again:

1. De ne the generating function: First set H (x) to be the generating function:
H(x)= Ho+ Hix + Hax?+ Hax3 +
2. Solve for the generating function: We can use the recursion to replace the coe cientsHy; Hjp;:::
with 2Hg + 1, 2H; +1, 2H, + 1 and so on respectively:
H(X)= Ho+(2Ho+1)x+(2H  +1)x?+ (2H, +1) x> +

We can setHq = 0, and then by the addition rule for generating functions, we can split the remaining
terms up as a sum of generating functions:

H(X) = (2 Ho)x + @H)x? + (2H)x3+ )+ (x+x2+x3+ ) (7.2)
H(x)=2x(Ho+ Hyix + H2X2+ Y+ x(1+ X+ X2 + ) (7.3)
H(x)=2xH (x) + (7.4)

1

where the last simpli cation is by the de nition of H (x) and the geometric series formula. (Notice that
we did this step ug’ng the notation by writing out the rst few terms of each genq5ating function,
rather than using  notation like in the previous example. Can you rewrite it using  notation?)

We can now gather all theH (x) terms on the left hand side to solve forH (x):

X
H(x) 2xH(x)= T x (7.5)
H(X)1 2x)= 1 (7.6)
X
H(x) = T 0d (7.7)
3. Expand to compute the coe cients: We'd like to break up the fraction as a sum of two fractions

to make it look more like the geometric series formula. Luckily, there's a tool from algebra that does
just that: the method of partial fractions . This states that there are numbersa and b such that

X _a+b_
Q@ x@ 2 1 x 1 2x

There are a few ways to see thak = 1 and b= 1, for example, by nding a common denominator
for the right hand side. (Try adding the fractions to double check this yourself!). So we have
1 1

H(X)=1 2x 1 x:

Then we can expand both terms using the geometric series formula:

X X X
H(x) = 2nx" x"= (2" 1)x":
n=0 n=0 n=0

Therefore, the coe cient H, is equal to 2' 1 for all n.
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7.4.2 Regions of the plane

In Section 6.4, we showed that the numberP,, of regions in the plane cut out by drawing n lines (with no
two parallel and no three concurrent) satis es the recurrencePy =1 and P, = P, 1+ n. We go through
the steps once again.

1. De ne the generating function: We set

P(X)=  Pn = Po+ Pix+ Px?+ Pax3®+
n=0
2. Solve for the generating function: In order to make use of the recursionP, = P, 1+ n, we
multiply P (x) by x to obtain the generating function for P, ;:

p3
P, 1x" = xP(x)
n=1
and we also compute the generating function fom:
p3
nx" = x +2x2+3x3+4x*+ = x(1+2x+3x2+4x%+ )= _x
n=1 (1 X)2
by Example 7.3.7. Adding these two generating functions, we have
p3

(Pn 1+ n)x" = xP(x)+

X
1 x)?

U

=

X
E
|

- XP(X)+ (1 XX)Z
PO) Po=XPOO+ s
X

P(x) xP(x)= P0+7(l L

POX)L x)=1+ ﬁ
_ 1 X
POO= T—* 1 x)3

3. Expand to compute the coe cients: The rst term ﬁ can be expanded using the geometric

series formula, but we haven't seen the generating functiorh"—x)3 yet. For this, we can take another
derivative of the generating function ﬁ which we've already computed (Example 7.3.7):

. ? (n+1)x"
(1 X)2 n=0 |
d , d % ]
ax 1 x) = i _(n+1)x
n=0
2
S — n(n+1)x" 1!
(l X)3 n=1
1 1%
—~ =2 nnh+1x"?
@ x2® 2
X _ R n(n+1) "
@ x 2



where the last equality forms by multiplying both sides by x. Iglotlce that since this sum has constant
term O, we can also start the indexing ofn at O to write itas ~ ,_, ”(“+1) X",

We can nally substitute to nd

1 X
= +
P(x) T X

1

x
>

+

L Nn+1) W0

1
-

— n

We can conclude thatP, = r‘2+++2 for all n, as we found in Section 6.4.

Exercises

1. Find a closed form for the generating functions for the following recursively de ned sequences:

(@ ap=1,a =5 a,=4a, 1 3a, oforn 2

(b) =1, b =6, b,=4h 1 4b, forn 2.

© w=1c=1c=1cG=C 1+C 2+¢ zforn 3.

(d) do=1,d,=2dy, 1+ n+lforn 1.

() eo=1,e,=€ 1+6€ 2+ +e+e+eforn 1.

(f) ho=1,hy= % hy, sforn 1

2. In part (a) above, use partial fractions on the generating function to nd an explicit formula for the
sequencea,,.

3. In part (b) above, use monomial substitution into the formula ﬁ =1+2x+3x%+ to nd an
explicit formula for b, .

4. Consider the double recursiondened by fo =1, f1 =2, go =1, g1 =2, fn = fnn 1+ g 2,
O = O 1+ fn 1. Find the generating functions F (x) and G(x) of the sequenced, and g,.
7.5 Generating functions and linear recurrences

We now show how to solve linear recurrences using generating functions.

Example 7.5.1. Suppose the sequencay; a;; ay;:::is de ned by ag =0, a; = 1, and the recurrence relation
a, =5a, 1 6a, pforn 2. The rst several terms of this sequence are (1;5;19;89;:::: We de ne A(x)
to be the generating function for this sequence:

A(X)= ag+ arx + ax?+ = anx":

Its rst several terms are:
0+ X +5x2+19x% +89x* +
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The next lemma shows how we can use generating functions to nd a closed-form formula fa, for all
n.

Lemma 7.5.2. If ag=0,ay=1,anda, =5a, ;1 6a, »forn 2 ,thena, =3" 2" for all n.

Proof. The rst step is to use the recurrence relation to nd a closed form formula for A(x). For all n 2,
we can substitutea, =5a, 1 6a, 2, SO we can write

h
A(X)= ap+ arx + anx"
n=2
h
=a+ax+ (58, 1 6@y 2)x"
n=2 I I
ps ' X '
=0+1x+5 a, X" 6 a, o»x"
n=2 n=2

We re-index the rst in nite sum in the line above, replacing n by n+1, and the second in nite sum in the

line above by replacingn by n + 2. After that, we can factor out an x from each term in the rst in nite
sum and anx? in the second in nite sum. So

P " ' 3 I
A(X)= x+5 anx" 6 an X"
n=1 | n=0 |
h3 ' ) 3
= X+5x anx" 6X anx"
n=1 n=0

Now the rst in nite sum is the sum as A(x) without its constant term (which is zero anyway) and the
second in nite sum is the same asA(x). So

A(X)

X +5xA(x) 6x2A(X)
X+(5x 6x?)A(x)

We can now solve this equation forA(x) and then factor the denominator to nd

_ X _ X
AG) = 1 5x+6x2 (1 2)(1 3x)

We now use the method ofpartial fractions to write this as a sum of two fractions, of the form

r S
+ :
1 2x 1 3x

A(x) =

To solve forr and s, we combine the fractions to get%, sor +s (3r +2s)x = x. Therefore

r+s=0and3r+2s= 1. Solving, we ndr = 1ands=1. Therefore
1 1

= + —
A= T v T

and we can now expand both fractions using the geometric series theorem. Indeed, we have
R R R
A(x) = 2"x" + 3Nx" = (3" 2")x™:
n=0 n=0 n=0

P
Since this is exactly the same generating function as ﬁzo apx", we can conclude thata, =3" 2" for all
n. O
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Remark 7.5.3. In the above example, here is a di erent way to solve forA(x). We recall that multiplying
A(x) by x shifts the coe cients by one index and multiplying by x? shifts the coe cients by two indices. In
particular we have

ps
XA(X) = agx + apx? + ax3+ = ap X"
n=1
and
2 2 3 R
X2A(x) = agx®+ apx3+ agx*+ = a, ox":
n=2

Therefore, if we add togetherA(x), 5xA(x), and 6x?A(x), most of the coe cients will cancel since a,
ba, 1+6a, =0forall n 2:

A(x) = ay + apx + apx? o+ agx® o+

BXA(X) = Sagx 5a1x? Sapx3  +

+6X%2A(X) = Gagx? + 6Bax® +

A(x) 5xA(X)+6x?A(X) = a + (ar 5ag)x + O0xZ + O0x°® +

Therefore, A(X)(1 5x +6x?)= ag+(a; 5a9)X = X.

Notice in the previous calculation that we multiplied A(x) by something very close to thecharacteristic
polynomial of the recursiona, 5a, 1+6a, » =0 (see De nition 6.2.12), which is x? 5x+6. Indeed, we
multiply here by the reverseof the characteristic polynomial, de ned by reversing the sequence of coe cients
to make it 1  5x + 6x? instead.

We now apply this principle to solve another recursion.

Example 7.5.4. Let's use generating functions to derive the explicit formula for the nth Fibonacci number
F,. To do this, it is easier to start with the index n =0, so we write Fo =0, F1=1,and F, = F, 1+ F, >
forall n 2. Consider the generating function

X
G(x) = Fax":
n=0

As in the previous problem, we multiply by the reverse of the characteristic polynomial, 1 x x2, to get

X
G(x) XG(x) Xx’G(x) = Fo+ Fix Fox+ (Fn Fn 1 Fp 2)X"
n=2
hs
= 0+1 x O x+ 0 x"=x
n=2

Therefore G(x) = x=(1 x x? ; We can factgr the denominator as (1 ax)(1 bx) wherea+ b=1 and
ab= 1. Solving, we geta= 2 and b= 12, Using partial fractions, we can write

A B
+ :
1 ax 1 bx
To nd A and B, we add the fractions and compare coe cients: A(1 B>Q+ B(1 ax)=x,s0A+B=0

andAb+Ba= 1. ThusA= B andsoA(b a= 1. Sincea b= 5wehaveA = pi- andB = ¢k

G(x) =

We now have B B
P b
G(x) = 1= 5 1= 5
T 1 ax 1 bx
Expanding each term as a geometric series, we nd that
| [
% % % P Pg
G(x) = plta”x” 1,U“x” = pl—, 1 5 ° ! 5 x":
=0 5 n=0 S n=0 5



By the de nition of equality of generating functions, it follows that

We can now generalize our methods above to prove the following theorem, which we stated before without
proof in Chapter 6.

Theorem 7.5.5. Letry;:::;rq be the roots of the characteristic polynomial of the recurrence relatiora, =

an, = zyrf +  zgrg: (7.8)
Furthermore, there is a unigue choice ofz;;:::;zq such that (7.8) is true.
Proof. The characteristic polynomial of the recurrence relation isc(x) = x4 ¢;x4 1 cx9 2 Cq 1X Cg.

Reversing its coe cients, we get the polynomial

2 d

rx)=1 X X Cyx“:

P
Now, let A(x) = ﬁzo anx" be the generating function of the recursively de ned sequencey; a;;:::. Then
by using the generating function multiplication rule on r(x)A(x), we see that all the coe cients starting at
x¢ and beyond are 0. Thusr(x)A(x) = p(x) for some polynomial p(x), and so

_ p(x).
A(x) = )"
Now, we claim that r(x) factors as (1 rix)(1 rpx) (1 rgx). Indeed, sincers;:::;rq are de ned

to be the roots of ¢(x), we havec(x) = (x ri)(x rz) (X rg). But notice that r(x) = x9¢(1=x) =
xd(1=x ry)(A=x ry) (1=x rq). Multiplying each factor through by one of the x's from the x9 factor,
we getr(x)=(1  rix)(L rox) (1 rgx).

Putting this all together, we have

p(x) _ p(x) :
rex) (1 )@ rex) (@ ra)x

A(x) =

Since the roots are assumed to be all di erent, this decomposes using partial fractions as a sum of fractions
of the form

Z; + Zy + + Z4
1 rix 1 rox 1 rgx
for some constantszy;:::;zy. Expanding each of these terms using the geometric series formula and adding
the generating functions, we nd that the n-th coe cient of the series is indeed z;r] + +zqrg. O

7.6 The Catalan numbers

Click on the icon at left or the link below for this section's short lecture video.

Catalan numbers via generating functions

We end this chapter by deriving the generating function and explicit formula for the celebrated Catalan
numbers (see Section 6.6). Recall that theCatalan numbers are de ned by the recursion

Cn+1 = Cocn + C]_Cn 1+ C2Cn 2+ + CnCO; (79)
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with initial condition Cy = 1. In particular, for the rst few values of n, this recursion says that

Cl = CoCo (7.10)
C, = CoCy + C1Cy (711)
Cs3 = CpCyr+ C1C. + CoCy (712)
and so on.
1. De ne the generating function: We set
C(x)= Cp+ Cix + CzX2 + C3X3 +
2. Solve for the generating function: Notice that the right hand side of the Catalan recursion (7.9)

very closely resembles the coe cients we get when we multiplyC(x) by itself. Indeed:
C(x)? = C(x) C(x)= CoCo+(CoCy+ C1Co)x +(CoCs+ C1Cy1 + CoCo)x* +

by the multiplication rule for generating functions. The expressions in parentheses on the right hand
side exactly match equations (7.10), (7.11), (7.12), and in general the coe cient ofx" will match the
right hand side of equation (7.9). Substituting these in, we have

C(x)? = Cy+ Cox + Cax2+ Cax> +

We now want to re-express the right hand side in terms ofC(x) to solve for C(x). In order to line up
the subscripts with the right powers of x, we can multiply both sides by x:

XC(x)2 = Cix + Cox?+ Cax®+ Cyx* +

The right hand side is almost C(x), but it is missing the Cy term at the start. So let's add that to
both sides:
XC(x)2+ Cg= Cg+ Cix + Cox?+ Cax®+ Cyx? +

Now the right hand side is C(x), and we can substitute Co = 1 on the left, to get xC(x)2+1= C(x),
or
xC(x)?> C(x)+1=0:

We can now use the quadratic formula to solve forC(x):

p._
1 1 4x
CX)= ———
(x) o
3. Expand to compute the coe cients: To interpret P 1 4x as a generating function, we want to

think of it as \the generating function whose square is 1 4x". To get an intuition for what this looks
like, we can start determining the coe cients one by one, starting with the equation:

(ap + apx + apx?+ asx®+ )2=1 4x;
al+ (apay + a1@0)X + (@@ + aray + dag)x?+ =1 4x:

By comparing the coe cients of x" from the left and right sides of this equation, we can solve for
ao;a;;ap;::: one at a time. From the coe cients of x°, we see thataZ = 1, and we take the positive
solution ap = 1.1 From the coe cients of x', we see thataga; + a;ap = 4, and substituting ag = 1,
we ndthat a; = 2. From the coe cients of x?, we see thataga, + a;a; + axap = 0, and substituting
a =1 a = 2,we ndthat a, = 2. Continuing in this manner, we claim that once the value of

1This is similar to the convention of setting P 4 to be 2 rather than 2, even though both numbers have a square of 4.
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the left and the right side of the equation equal. This provides a well-de ned \square root" of 1  4x
as a generating function:

PT =1 x 2¢ °
| —
This also means that in the formula C(x) = —-—*, we should use the negative term in the symbol

, SO that the constant term 1 cancels and all the terms in the numerator are divisible by .

We've found the rst several coe cients for the generating function of P 1 4x but now we want to nd
a formula for all of them. To do this, we will introduce a generalization of binomial numbers:

De nition 7.6.1  (Generalized Binomial Coe cients.). Let be any rational number, and de ne

_ e 2 C k+1)
k k!

fké0and , =1

n

If is a positive integern, then this de nition is the same as the ordinary de nition of .

Example 7.6.2. If we set =1=2 andk =3 in the above formula, we have

1=2 _ (1=2)( 1=2)( 3=2) _ 3B _ 1.

3 3! 6 16

Example 7.6.3. Let =1=2andk = n+1. Then

1=2 1=2)(1=2 1)(1=2 2) (@=2 n)
n+1 (n+1)!
(1=2)( 1=2)( 3=2)( 5=2) (1 2n)=2)
(n+21)!
MEE @ 1 1)°
20+l (n +1)!
B@E)@AG)  (@n 1) 1)
@)@ (@2n)2"*1 (n+1)!
@n)!C 1)
2 DE 22 3 (2 n2n*t(n+1)
(2n)i( 1)"
2n2n+1lnl(n + 1)!

To nd a formula for the coe cients of P 1 4x, we'll use (without proof) this next theorem.

Theorem 7.6.4 (Generalized Binomial Theorem.). As a generating function,

1+x) = xX:

k=0 k

Example 7.6.5. We set =1=2 and substitute 4x for x to see that:

_ A=
PI 2 = 1k2 ( 4x)X
k=0
2=
— 1k2 ( 1)k4kxk
k=0



We use this now to nd the explicit formula C, = ——

Corollary 7.6.6.

The nth Catalan number isC,, =

2n

, for the nth Catalan number.

1 2n
n+l n °

P
Proof. The nth Catalan number C, is the coe cient of x" in C(x) = +——"*. Using Example 7.6.5, we
see that
P 1 1=2
1 P 1 k=0 . ( DRAXK
2X P 2X
1 1+ p, M2 D)k
- 2x
_ nl:f ( 1)n +1 9n+1 on+1 yn+l
n=0 2%
X 1=
— — nonon+l ,n
= n+1 ( p2n2"tx

n=0

In the third equality, we made the substitution n= k 1.
Using Equation 7.6.3, we substitute for the binomial coe cients to see that the coe cient of x" is:

@mC 1"
2n2n+lnl(n + 1)!
(2n)!
n!(n +1)!
1 (2n)!
(n+1) nin!
1 2n
n+l n

Cn - ( 1)n 2n 2n +1

This completes the proof. O

7.7 Additional problems for Chapter 7

1. Suppose you have 8 pennies, 3 nickels, and 1 dime in your pocket and you want to give a subset of these
to your friend. For each of pennies, nickels, and dimes, write down a polynomial whose exponents are
the values of that coin you could give.

2. Dene fp, Ty, f4 to be the polynomials for pennies, nickels, and dimes in Sage (sagecell.sagemath.org),
as in:
fg=1+ x1°

Use Sage to also de nd, and f,, and expand the product F of these 3 polynomials and use the output
to answer the questions below.

Note: If you just end the Sage cell with F rather than the F.coe cients line, it will return the entire
polynomial. The coe cients line will just return the coe cient of x'7 and the number 17.

(&) What is the degree of the polynomial F? In other words, what is the largest power of x that
appears?

(b) How many ways can you give 17 cents?

(c) How many ways can you give 20 cents?
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10.

11.

o o N W

(d) If the number of dimes changes to 2, what does the degree of the polynomial change to?
(e) If the number of dimes changes to 2, what is the new number of ways you can give 20 cents?

Hint: These commands may be useful:

R=PolynomialRing(RR, Xx)
F=expand(fp*fn*fd);

F;

F.coefficients()[17]

. What is the coe cient of x* in the generating function whose closed form is (1  3x)?
. What is the coe cient of x* in the generating function x>=(1  3x)?

. What is the coe cient of x* in the generating function 1=(1  3x)??

Let
F(X)= Fo+ Fax+ Fox?+ Fax3 +

be the generating function of the Fibonacci numbers (withFg =0;F; =1,and F, = F, 1+ F, , for
alln  2.) Compute the coe cient of x° in the generating function 1=1  xF (x).

. Let F(x) be the generating function of the Fibonacci sequence as de ned in the previous question.

What is the coe cient of x° in d=dx F(x)?

. Find a closed formula for the generating function of the recursively de ned sequence de ned biy =

5b =12, and b, =5hb, 1 +6bn 2foralln 2.

. Find a closed formula for the generating function of the sequence dened bgy =1 and e, = e, 1 +

éh 2+ +eforalln 1
Prove, using generating functions, that
n
k =n 2" L

k=0 K

We found that the generating function for the Fibonacci numbers is i:o Fax" = 5 ~z. Write this
as 1(;‘7”2) and use the geometric series formula to expand in terms of + x2 to prove that

Fn
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7.8 Investigation: Partitions and their generating functions

Generating functions can be used to enumerate many di erent combinatorial objects. One very famous such
object is called apartition . The following video explores this topic.

Click on the icon at left or the link below for this section's video.

Partitions and their generating functions

We rst recall some of the notions de ned in the video.

De nition 7.8.1. A partition of a positive integern is a way of writing n as a sum of other positive integers,
where the order of the summands doesn't matter. The summands are called thearts of the partition, and
we write  =( 1; 2;:::; k) for the partition given by the decompositon n= ;+ ,+ + , where we
order the parts in weakly decreasing order: 1 2 K-

Example 7.8.2. Since 5=2+1+2, the tuple (2;2;1) is a partition of 5. (Note that we write the parts in
weakly decreasing order as a canonical choice.) The seven partitions of 5 are:

®); (4;2); (3:2); 3:51); (2:2,1); 2:511); (L5111

De nition 7.8.3.  We write p(n) for the number of partitions of n, and q(n) for the number of partitions
of n whose parts are all distinct.
Example 7.8.4. As seen in the above example, we havp(5) = 7 and q(5) = 3.

Example 7.8.5. Show that p(6) = 11 and q(6) = 4.

7.8.1 Fun with in nite products

In the video above, it was shown informally that the generating function for the partition numbers p(n) has
the in nite product formula:

R 1 1 1 1

=G @ @ x) @

n=0
We now explore in nite products of generating functions in more rigorous detail.

De nition 7.8.6. Let F1(x); F2(x); F3(x);::: be an in nite collection of generating functions. We say that
the in nite product

Fn(X) = Fa(x)F2(x)F3(x)
n=0

P .
converges to G(x) = i1=0 b x', if the partial products
hd
Pm(x)=  Fa(x)= Fa(X)F2(X)  Fm(x)
n=0

have coe cients that eventually match those of G(x). This means that for all i, there is some positive integer
N such that if m > N , the coe cient of X' in Py (x) equalsh.
If the product converges to G(x), we simply say that the in nite product is equal to G(x).

Question 7.8.7. SupposeFi(x);Fa(x); F3(x);::: are all equal to 1 +x.
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1. Expand the rst three partial products:
Pi(x) = F1(x) = (1+ x) =2
Pa(x) = Fi(X) Fa(x)=(1+ x)?=?
Pa(x) = Fi(x) Fa(x) Fa(x)=(1+ x)°=?

2. What is the coe cient of X in your answers to part 1? Find a pattern and determine the coe cient of
X in Py (X).

3. Prove that the in nite product
Fi(x) Fa(x) Fa(x) Fa(x) =1+ x)(1+ x)(1+ x)(1+ X)

doesnot converge to any generating function, because the pattern you found in part 2 does not
converge.

Question 7.8.8. Dene Fi(x)=1+ x2 ' forall i.
1. Write out F1(Xx);F2(x); F3(x); and F4(x).
2. Expand the rst four partial products
" Pu(x) = Fa(x),
" Pa(x) = Fi(x) Fa(x),
" Pa(x) = Fa(x) Fa(x) Fs(x),
" Pa(x) = Fa(x) Fa(x) Fa(x) Fa(X).
3. Find a pattern and use it to prove that the in nite product
Fi(x) Fa(x) Fa(x) =1+ )@+ x?)(L+ x)(L+ x®)(L1+ x*°)
does converge, and explain what generating function it converges to.

F@j the next two questions, you may nd it helpful to watch the explanation in this section's video for
1

why “ii; 37 = p(n)x".

. P
Question 7.8.9. Recall the de nition of g(n) in De nition 7.8.3. Explain why Qil:l (1+x)=" L, qn)x".

P
Question 7.8.10. Explain why Qilzl # = E(n)x" where E(n) is the number of partitions of n that
use only even parts.

Question 7.8.11. Multiply the generating functions Qi1:1 (1+ x') and Qil:1 ﬁ (from Questions 7.8.9

and 7.8.10) together and cancel terms by factoring each 1 x? as (1 x')(1+ x'). What are you left with?
What can you deduce by comparing coe cients in this generating function identity?

7.8.2 Fun with Young diagrams

De nition 7.8.12.  The Young diagram of a partition is the left-justi ed stack of boxes in which the
i-th row from the bottom has ; boxes.

Example 7.8.13. Here are the seven Young diagrams of the partitions of 5 listed in Example 7.8.2:
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Question 7.8.14. How many Young diagrams, of any size, tinside a 3 4 grid?

Note: The empty partition counts - its Young diagram has no boxes and does t inside this grid.

Hint: How many ways can you travel from the top left corner to the bottom right corner of a3 4 grid?
This type of question was covered in an earlier chapter. Show that counting these paths is equivalent to
counting the Young diagrams.

Question 7.8.15. Show that the number of partitions (of any total size) of the form ( 1;:::; ) with
n i< ; nforalliis equal tothe Catalan numberC,. (Hint: Draw the Young diagram of such a
partition. Can you see how its border corresponds to a Dyck path?)

De nition 7.8.16. The transpose or conjugate of a partition is the partition formed by re ecting the
Young diagram about the diagonal line going southwest-northeast.

Example 7.8.17. The two partitions shown below are conjugates of each other.

Question 7.8.18. Match each of the partitions drawn in Example 7.8.13 to their conjugate. Do any match
with themselves?

Question 7.8.19. A partition is called self-conjugate if it is equal to its own transpose. Find a bijection
between the self-conjugate partitions ofn and the partitions of n having all distinct odd parts.
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Chapter 8

Graph theory basics

Graphs are a convenient data structure for a wide variety of problems in mathematics and computer science.
Some graphs are valuable because they illustrate beautiful patterns and complicated symmetries. Other
graphs are valuable for their applications. If an optimization problem can be described in terms of a graph,
then diverse and powerful tools can be used to solve that problem.

In this chapter, we introduce the basic objects of graph theory, including vertices, edges, degrees, sub-
graphs, paths, cycles, and data structures. Later in the chapter, we describe results about walks on graphs,
including Euler cycles, Hamiltonian circuits, and the number of walks. In Chapter 9, we study a partic-
ular type of graph | trees | which are deceptively simple because they have no loops, but have deep
impacts because they can model hierarchical relationships. We solve optimization (maximization or mini-
mization) problems on graphs in Chapter 10, and consider graphs that can be drawn with no crossing edges
in Chapter 11.

Click on the icon at left or the link below for a video covering sections 8.1{8.4.

Graph theory terminology

8.1 Graphs in combinatorics

As Students C and D are nishing lunch at Corbett Hall, a classic Colorado hail storm arrives. Not wanting
to walk, they decide to take the bus. They rst need to stop at the library to pick up a textbook. Next,
they need to attend their combinatorics lecture in Weber. Finally, after class, they plan on meeting Student
F at the Recreation Center. What bus routes should Students C and D take to avoid the hail?

Looking at the map can be pretty confusing and they do not want to get lost. We can instead simplify
this map to something called a grapH.

In this class, agraph is a collection of vertices (dots) and edges (line segments) between the vertices.
The edges describedjacency (a connection or relationship) between the vertices. In the graph associated
with the bus routes, the locations of the bus stops are represented by vertices and the routes between stops
are represented by edges. An example of two adjacent bus stops are Corbett Hall and Moby Arena.

As a second example of a graph, consider the social network in Figure 8.3. Each vertex corresponds to
a persorf, and an edge between two people represents that they have met before. The one intersection of
edges that does not have a dot means nothing and can be ignored. Suppose you are running for Student
Body President at CSU and want to collect votes. Which person would you want to contact rst?

1The word graph in mathematics can also mean the graph of a function: for example, the graph of the function y=x%isa
parabola.
2or at least a mammal
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Figure 8.1: A map of CSU bus routes. CSU map from http://www.mappery.com/
Colorado- State-University-Map

Figure 8.2: Bus routes near campus represented as a graph.

8.1.1 Graphs, vertices, edges, and adjacency

De nition 8.1.1. A graph G = (V;E) consists of a nite set V of vertices (or nodes) and a nite set E
of edges, where each edgee 2 E is of the form e= fu;vg with u;v2 V.

The edgef u; vg is often written as uv. Unless mentioned otherwise, it is the same as the edde/; ug = vu.
Remark 8.1.2. In this book, unless we say otherwise:
1. we do not allow any edge to be a self-loop (an edgau that starts and ends at the same vertexu);

2. we do not allow more than one edge between any pair of verticeu; vg.
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Figure 8.3: An example of a CSU social network.

Figure 8.4: A graph with 8 vertices and 8 edges.

Indeed, in De nition 8.1.1, the fact that each edgee is a set automatically implies that self-loops are not
allowed and the fact that E is a set automatically implies that multiple edges are not allowed. Later in the
book, we will also consider a more general class of graphs, by allowing multiple edges and self-loops.

De nition 8.1.3.  Two vertices, u and v, are adjacent if there is an edge,uv, connecting them. If u and
v are adjacent, we writeu Vv:

A graph is de ned only by its set of vertices and its set of edges; the same graph may be drawn in di erent
ways. Indeed, the two graphs below are the same graph; they are just drawn di erently in the plane.

A labeling of a graph is an assignment of numbers to each vertex. If a graph has vertices, then then
we will always use the labels 0 throughn 1, where each such integer is used exactly once as a label.

Figure 8.5: We do not allow repeated edges (left) or self loops (right) in our graphs, unless stated otherwise.
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Exercises
1. Let V be a set of 4 vertices. How many di erent graphs ¥; E) are there if:

(a) the vertices are labeled asv = fvy;Vvy;Vs;v4g? For example, in this case, the graph with the one
edgev, Vv, is considered di erent from the graph with the one edgev,vs.

(b) the vertices are not labeled? For example, in this case, all graphs having 4 vertices and one edge
are considered the same.

2. What is the largest number of edges that a graph with 5 vertices can have?
3. Let V be a set of 5 vertices. How many di erent graphs ¥; E) with exactly three edges are there if:

(a) the vertices are labeled asv = fvy;Vy;V3;Vy; VsQ?
(b) the vertices are not labeled?

8.2 Everyday graphs

Some graphs are used frequently enough that they have names of their own. Here are some examples of
these. Letn 1.
8.2.1 Complete graphs

De nition 8.2.1. The complete graph K is the graph with n vertices having an edge between every
pair of distinct vertices.

Example 8.2.2. Below are the complete graphsK ;K ;K3 and K 4, respectively.

Example 8.2.3. What is the largest number of edges that a graph with 9 vertices can have? In other words,
what is the maximal possible number of bus connections that can exist between the 9 stops in Figure 8.2,
assuming that any two bus stops have at most one bus route between them?

Brainstorm. How many possible edges can we draw on 9 vertices?

Answer. There are at most g possible edges. The graph with all g edges is the complete graptK .

By a similar argument, we can show thatK, has ) edges.

8.2.2 Path and cycle graphs

De nition 8.2.4.  The path graph P, is the graph with n vertices andn 1 edges that can be drawn so
that all vertices and edges lie on a straight line.

Example 8.2.5. For instance, the path graph Ps has ve vertices edges and four edges.
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The bus route in Figure 8.2 contains a path graphPg connecting from Moby Arena, to Corbett Hall, to
the Library, to the CSU Transit Center, to Engineering, to the MAX Station.

De nition 8.2.6. If n 3, the cycle graph C, is the graph with n edges andn vertices such that every
vertex is adjacent to exactly two others.

Example 8.2.7. Cycle graphs are usually arranged in the shape of a circle, as in the case ©f below.

The green loop, or the Around the Horn bus, in Figure 8.2, connecting Weber to Engineering to the
MAX Station back to Weber, forms a cycle graph C3 inside the bus route map.

8.2.3 Bipartite graphs

The three most popular pizza parlors in Fort Collins are Pizza Casbah, Krazy Karl's, and Cosmos's Pizza.
Four student houses, A, B, C, and D often order pizza. Their patterns of pizza ordering can be modeled as
a graph. The graph contains seven vertices | three vertices for the three pizza parlors, and four vertices
for the four student houses. If a house ordered pizza from a particular parlor in the last month, then this
support is modeled by an edge in the graph. (Later, we might also choose to weight the edge by the number
of pizzas ordered from that parlor over the last month.)

Figure 8.6: Bipartite graph with three vertices on the left corresponding to pizza parlors, and four vertices
on the right corresponding to houses. An edge represents an order between that house and that parlor in
the last month.

This graph has a particular structure: there are no edges between two pizza parlors, since a pizza parlor
never orders pizza from another parlor; similarly, there are no edges between two houses, since no house ever
orders pizza from another house!

Many problems in graph theory involve matching two di erent types of objects, like students with jobs,
or pets with owners.

De nition 8.2.8. A graph G = (V;E) is bipartite if V is the disjoint union of two sets L (left) and R
(right) and every edge connects a vertex inL with a vertex in R.

In other words, there are no edges between two vertices ih and no edges between two vertices ifR.

145



De nition 8.2.9.  The complete bipartite graph B..m is the bipartite graph with n vertices on the left
and m vertices on the right, such that every vertex on the left is adjacent to every vertex on the right.

In the example with three pizza parlors and four student houses, the complete bipartite grapiB 3.4 would
model the situation in which all four houses have ordered pizza from all three parlors within the last month.

Exercises

1. True or False: A graph with 30 edges has at least 9 vertices.

2. What is the largest n such that the graph in Figure 8.2 contains a cycle graphC,, (no edge can be
used twice)?

3. What is the largest n such that the graph in Figure 8.2 contains a path graphP,, (no edge can be used
twice)?

4. Explain why the complete bipartite graph B1.;, is called afan.

5. How many vertices doesB,.m have?

6. How many edges doe8,, have?

7. Can you draw B3.3 so that none of the edges cross?

8.3 The degree of a vertex

The students walk around campus, ending at the bus stop at the MAX Station, where they plan to catch a

bus.

How many di erent bus stops can they visit next? Looking at Figure 8.2, they decide they can visit

three stops next: Weber, Engineering, or Horsetooth. In other words, thedegreeof the CSU Transit Center
vertex is three. The students decide to take the bus to Horsetooth. After dipping their toes in the reservoir,
they realize that they have only one choice for their next stop, since their is only one route from Horsetooth.
In other words, the degreeof the Horsetooth vertex is one.

De nition 8.3.1. If vis a vertex in a graph G, the degree of v, denoted degy), is the number of edges
adjacent to v.

Given a set ofn non-negative numbers, we can ask whether this can be the set of degrees of the vertices
in a graph with n vertices. In the rest of this section, we give some examples and conditions about this
guestion.
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Example 8.3.2. Is there a graph on 5 vertices with vertices of degrees 1, 2, 2, 2, 3?

Answer. Yes!

Example 8.3.3. Is there a graph on 9 vertices of degrees 1, 2, 2, 2, 3, 3, 3, 4, 4?
Answer. Yes, Figure 8.2 is one such example!
Example 8.3.4. Is there a graph on 5 vertices with vertices of degrees 0, 1, 2, 3, 4?

Answer. No. The vertex of degree 4 would be connected to every other vertex, and hence there cannot also
be a vertex of degree 0.

Example 8.3.5. Is there a graph on 5 vertices with vertices of degrees 2, 2, 3, 3, 3?

Brainstorm. Try to draw a picture of such a graph!

Answer. No, by the following theorem (since the sum of vertex degrees 2+2 + 3+ 3+ 3 = 13 is not even):

Theorem 8.3.6. The sum of the degrees of all vertices in a graph is twice the number of edges. In particular
the sum of all vertex degrees is even, and hence the number of vertices of odd degree must be even.

Proof of Theorem 8.3.6. In the sum of the degrees of all vertices, each eddai; vg is counted exactly twice:
once in the degree of vertexu, and once in the degree of vertew. O

Example 8.3.7. Consider the following graph, which has 6 edges, and the sum of the vertex degrees is
2 6=12.

Theorem 8.3.6 implies that in any graph, the number of vertices of odd degree must be even. We give a
second proof of this consequence. This proof is longer, but illustrates how induction can be used to prove
results in graph theory.

Proof that in any graph G, the number of vertices of odd degree must be eveithis proof will use induction
on the number of edges in a graph.

The base case is a graph with no edges (only vertices), and so the number of vertices of odd degree is
zero, which is an even number.

In the inductive step, we will add one edge?

3There are a few ways that this is not as precise as it could be. First, we need to prove that we can always build a graph
by adding edges one at a time. Also, in an inductive proof, the number of edges would become arbitrarily large, but that is not
possible unless we allow multiple edges between vertices.
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Adding an edge changes the degree of two vertices, as described by one of the following three cases:
~ feven degree, even degrgel f odd degree, odd degreg
~ feven degree, odd degree! f odd degree, even degreg
" fodd degree, odd degreg! f even degree, even degrge
In each of these cases, the number of vertices with odd degree stays even. Hence in any graph, the number

of vertices of odd degree must be even. O

Exercises

1. Is there a graph on 6 vertices with vertices of degrees ...

@ 1,1,2 2 3,3?
(©) 1, 1,2, 2, 4, 62
© 1,123, 3,5?
(d) 5,5, 5, 5, 5, 5?
€) 2,2, 2 2, 2, 4?

2. Is there a graph with:

(a) 6 vertices with vertices of degrees 0, 1, 1, 1, 2, 5?
(b) 7 vertices with vertices of degrees 0, 2, 2, 2, 4, 4, 6?

3. True or False: There exists a graph with 7 vertices such the total sum of all vertex degrees is 44.
4. True or False: If a graph has an odd number of vertices, then it has a vertex with even degree.

5. Re-express each of the following assertions as a theorem about degrees in graphs. The theorem should
be of the following form: In any graph G with at least 2 vertices, [some property about vertex degrees
holds]. Then explain why the theorem is true.

(a) At every party there are at least two people who know the same number of other people at the
party.

(b) If one person knows everyone at the party, then it is not possible for another person to know no
one.

6. In the complete bipartite graph B,.m with n vertices on the left and m vertices on the right, what is
the degree of each vertex on the left? what is the degree of each vertex on the right?

7. Is there a graph on 6 vertices whose vertices have degrees 1, 1, 2, 3, 5, 5?
8. Is there a graph on 6 vertices whose vertices have degrees 0, 1, 2, 2, 2, 5?

9. Is there a graph on 6 vertices whose vertices have degrees 2, 2, 3, 3, 3, 3?
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8.4 Subgraphs

A recurring theme in mathematics is that whenever you have an interesting object, it is often fruitful to
also consider its subobjects. In this section, we consider subgraphs of a graph. Intuitively, a grapH is a
subgraph of G if each of its vertices is a vertex ofG, and if each of its edges is a edge @.

For example, consider the bus route graph in Figure 8.2. Suppose that the bus route from Moby Arena
to Corbett Hall closes due to construction. Then we obtain the subgraph in Figure 8.7(left), with a single
edge removed.

Figure 8.7: Two subgraphs of the bus route graph, as various edges and vertices get removed.

Suppose furthermore that repairs to the MAX Station need to be made. If the MAX Station closes,
then necessarily the three routes adjacent to the MAX Station close as well, and we obtain the subgraph in
Figure 8.7(right), with one vertex and three more edges removed.

We now formalize what it means for one graph to be a subgraph of another.

De nition 8.4.1. Let G = (V;E) be a graph. A graph G°= (V%E9 is a subgraph of G if V° V and
E® E. A spanning subgraph of a graph G is a subgraph that contains all of the vertices ofG.

Example 8.4.2. Let G be the graph drawn in (a). Then (b) is a subgraph ofG. However, the object drawn
in (c) is not a subgraph of G because it is not even a graph (it is missing the vertex for one of its edges).
Also, the graph drawn in (d) is not a subgraph of G because it contains an edge that is not inG.

In Figure 8.8, we draw a graph with three vertices and one edge, along with all of its subgraphs.
Note that a graph G is always a subgraph of itself. Similarly, the empty graph (which has no vertices or
edges) is a subgraph of any graplt.

Exercises

1. How many subgraphs does a labeled cycl€; have? Assume the three vertices are labeled, b, and
c. We consider the subgraph with two verticesa; b and a single edgef a; g to be di erent from the
subgraph with two vertices b;cand a single edge b; ay. Hint: count the number of subgraphs with 0
vertices, then the number of subgraphs with 1 vertex, then the number of subgraphs with 2 vertices,
etc.
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Figure 8.8: A graph G (drawn in the top box) and all of its subgraphs. Each connection represents a
subgraph that is obtained from the one above it by removing a single vertex or edge.

2. How many subgraphs does a labeled cycle of length 4 have? Assume the four vertices are labeled,
¢, d. We consider the subgraph with two verticesa; b and a single edgd a; bg to be di erent from the
subgraph with two vertices b; cand a single edge b; .

. Explain why every graph with n vertices is a subgraph ofK .
. Explain why P, 1 is a subgraph ofC, .
. Explain why Cg is a subgraph ofB3.3.

. If C, is a subgraph of a bipartite graph, explain whyn is even.

N~ o o0~ W

. True or False: A labeled graph with n vertices always has at least 2 subgraphs.

8.5 Walks and connected graphs

Click on the icon at left or the link below for a video covering sections 8.5{8.9.

Walks in graphs

After class in Weber, some of the students need to go to their intramural water polo game. However,
Bus 2 in Figure 8.1 broke down while they were learning about derangements and now it is not available
for service. This means that the three red edges in Figure 8.2 disappear. The students are dismayed to nd
that there is no longer a bus route to travel from Weber to Moby Arena.

We say that a graph is connected if you can travel from any vertex of the graph to any other vertex
by walking along edges. For example, when all of the busses are running, the CSU bus system is con-
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nected. However, if the edge between the CSU transit center and engineering disappears, the graph becomes
disconnected. We make this notion more precise by rst introducing the concept of a walk.

De nition 8.5.1. A walk in a graph is a sequence of vertices and edges, €1, Vi, €, Vo2, ..., Vk 1, €,
Vk such that edgee connects verticesv; ; andvj, for1 i k. For example, the sequence of vertices and
edges,vo; e1;V1; €; V2, €3; V3, is a walk on the following graph.

De nition 8.5.2. A graph G is connected if for any two vertices u and v of G, there is a walk in G from
utov.

For example, the graph drawn below is connected. Indeed, no matter which two vertices you consider in
this graph, you can always nd a walk between them.

By contrast, the graph drawn below is not connected, because there is no walk between a vertex on the
left side and a vertex on the right side.

It is often more convenient to work with connected graphs than with disconnected graphs. If a graph is
disconnected, it breaks up uniquely into its connected components, which are connected subgraphs that we
de ne below. It is then possible to work separately with each connected component of a graph.

De nition 8.5.3. A connected component H of a graph G is a maximal subgraph that is connected.
The word \maximal" in the above de nition means that there are no connected subgraphs of G that

contain H and that are strictly larger than H. In other words, if H?is another connected subgraph ofG,
and if H is a subgraph ofH® then H = H®.

Example 8.5.4. If G is the graph , then the connected components ofs are and . Note

that is not a connected component ofG because it is not amaximal connected subgraph.

Some of the exercises below illustrate that by deleting an edge from a connected graph, it is possible to
make it disconnected.
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Exercises

1. What is the smallest number k such that it is possible to make the following graph disconnected by
removing k edges:
(a.) K;?
(b) C7?
(c) P7?
(d) Bsa?
2. What is the smallest numbert such that it is possible to divide the following graph into 3 connected
components by removingt edges:
(a.) K;?
(b) C;?
(C) P;?
(d) Bz4?
3. By taking away 3 edges from the graph below, what is the maximal number of connected components
that you can make:
(a) K;?
(b) C;?
(c) P7?
(d) Bsz.4?
4. Let G be a graph. LetH; = (Vi;E1) and H, = (V,;E2) be connected subgraphs with a vertexv

in common. Form their union H = (V;E), whereV = V; [ V, and E = E; [ E,. Prove that H is
connected.

5. Suppose that graphG is connected and contains a cycle. Prove that if an edge from this cycle is
removed from graphG, then the remaining graph is connected.

6. Let u and v be two vertices in a graph G that are not connected by an edge. Show that adding the
new edgeuv creates a cycle if and only ifu and v are in the same connected component d&.

8.6 Graph complements

Student A decides to host a picnic, with the goal of introducing new people to each other. There are 7
attendees for this picnic: Dr. Pries, Dr. Adams, Dr. Gillespie, Cam the Ram, Student A, Student B, and
Student C. These are the 7 people (or animals) represented by the vertices of the graph in Figure 8.3, or in
the image below on the left. Recall that an edge in this graph represents the fact that the two people at the
endpoints of this edge have met.

The goal of the picnic is to introduce new folks to each other, and so Student A decides to draw a new
graph in which each edge represents that two people have not yet met, and therefore need to be introduced to
each other. This new graph is drawn on the right below; it is thecomplement of the original social network
graph drawn on the left.
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De nition 8.6.1. Given a graph G, its complement G has the same vertex set a$s, and has an edge
between verticesu and v precisely whenG does not.

For example, the gure below has the path graphsP, through Ps in the left column, and their complement
graphs P, through Ps in the right column.

An equivalent de nition of a graph complement is as follows. LetG = (V; E) be a graph with vertex set
V and edge setE. Let S denote the set of all pairs of vertices inV. Note that E is a subset ofS. The
graph complementG can also be de ned asG = (V;S E), whereS E is the set complement as de ned in
De nition 2.6.9. Explain why this agrees with the de nition of graph complement given in De nition 8.6.1.

Exercises
1. Describe the complement of the following graphs:
(a.) Cs.
(b) Bs.4.

2. Is the complement ofCg a connected graph?

3. If a vertex v has degreed in a graph G on n vertices, what is the degree ofv in the complement of G?
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4. Prove that a graph complementG is a subgraph of the original graphG only if G is the complete
graph on its vertex set.

For which n, is the complement of P,, a path?
For which n, is the complement ofC,, a cycle?

True or False: Let G and H be graphs. IfG is the complement ofH, then H is the complement ofG.

© N o u

Prove that the complement of B,,.,, has two connected components, which ar& , and K, .

8.7 Storage structures for graphs

Given a graph, how do we store it in a computer? Once a graph has been stored, how do we edit it? We
give two possible graph representations to address these questions.

The rst way to store a graph is as an adjacency matrix . Given a graph G with n vertices, label its
vertices from 0 ton 1. The adjacency matrix encoding this graph will be ann  n matrix whose entries
are either 0 or 1. Entry (i;j ) of the adjacency matrix is 1 when the edgefi;j g between verticesi and j is
in G, and 0 otherwise. Below is the graphCg and its adjacency matrix.

0 1 2 3 4 5
0/j0 1 0 O 0 1
1/1 0 1 0 0 O
2/0 1 0 1 0 O
3/0 01 0 1 O
410 0 0 1 0 1
51 0 0 0 1 O

There are n? entries in this matrix that are each 0 or 1. The matrix is symmetric: entry (i;j ) equals to
entry (j;i), because the edgéi;j g is the same as the edgéj;i g. Furthermore, each of the n entries along
the diagonal is 0, since self-loops are not allowed in graphs. Therefore, we only need to store thz@%” entries
above the diagonal in order to fully represent the adjacency matrix.

The adjacency matrix depends on the labeling we chose for the vertices. Changing the labeling changes
the adjacency matrix by permuting the rows and the columns.

A second way to store a graph is a list of edges. We store, the number of vertices, and then maintain
a list of size 2 e, whereeis the number of edges in our graph. Each column of this edge list stores the two
vertices incident to that edge. Below is the edge list for the graphCs:

01 2 3 45
1 2 3 450

In this representation, we need to store 2 integers between 0 anch 1.

An adjacency matrix has the advantage of being easily editable. Suppose we want to add (resp. remove)
the edgefi;j g from a graph. Then to update the storage structure, we only need to change the entries;( )
and (j;i) in the matrix from 0 to 1 (resp. from 1 to 0).

An edge list has the advantage of being a smaller storage method, especially if the graph sparse
meaning that the number of edges is small compared with the number of vertices. However, an edge list has
the disadvantage of being harder to edit. For example, to remove an edge, we need to search through the
entire list to nd the location of the edge and then shu e all of the later entries to the left.

For a graph that is a tree (connected graph with no cycles) and has a root, there is another disadvantage
of an edge list. For this kind of graph, it is useful to nd all the "descendents' of a vertexv, meaning all
the vertices that are further from the root than v is. When the graph is stored as an edge list, it is very
time-consuming to nd all the descendants of a vertex, because you need to make repeated queries. For this
reason, in this context, an edge list is usually replaced by a materialized path. In the storage structure for
a materialized path, the idea is to store the entire walk from the root to each vertex.
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Exercises

1.

Write down the adjacency matrix and the edge list for the graphs below (for some labeling of the
vertices):

(@ Ks;

(b) Ps;

(c) Cs;

(d) Bzs.

. Describe the structure of the adjacency matrix and the edge list for the graphs below, for a good choice

of labeling of the vertices:
(@ Kn;

(b) Pn;

(c) Cn;

(d) Bnm -

. How many non-zero entries does the adjacency matrix fo€, have?

8.8 Eulerian walks and Hamiltonian cycles

Click on the icon at left or the link below for this section's short lecture video.

Eulerian and Hamiltonian walks

We are now prepared to return to one of our motivating problems from Chapter 1. Consider the following
map of seven bridges crossing the Pregel River in Kenigsberg, Prussia, which is today called Kaliningrad,
Russia. Is it possible to take a walk in which you cross each bridgexactly once? You do not need to return
to your starting location.

Euler had the insight to transform this question about bridge crossings into a question about graph theory.
What was truly innovative about this was that no one had ever thought about graph theory abstractly before
then. After this rephrasing, the Kenigsberg bridge problem can be transformed into the following question:
is there an \Eulerian walk" (which we will later de ne) in the following graph?
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(a) No Eulerian walks. (b) Eulerian walks exist! (c) Eulerian walks exist! (d) No Eulerian walks.
None of them are closed. All of them are closed.

Figure 8.9: Examples of graphs with or without (closed) Eulerian walks.

Note that here we are allowing multiple edges between two vertices in a graph. This happens because
there are multiple bridges between some of the land masses in the picture.

Recall from Section 8.5 that awalk in a graph is a sequence of vertices and edges, e, vi, €, V2, ...,
Vk 1, €, Vk such that edgee; connects verticesv; ; andv; forl i k.

We say that a walk is closed if it begins and ends at the same location, i.e. ifvg = vg.
De nition 8.8.1.  An Eulerian walk through a connected graphG goes through every edge exactly once.
The following theorem is considered to be one of the earliest theorems in graph theory!

Theorem 8.8.2 (Euler, 1736). Let G be a connected graph.
() If G has more than two vertices with odd degree, then it has no Eulerian walks.

(b) If G has exactly two vertices of odd degree, then it has an Eulerian walk. Every Eulerian walk starts
and ends at these two vertices.

(c) If G has no vertices of odd degree, then it has an Eulerian walk. Every Eulerian walk is necessarily
closed.

Consider again the graph that results from the Kenigsberg bridge problem. This graph has four vertices
of odd degree. Since 4 is more than 2, by part (a) of Theorem 8.8.2 this graph has no Eulerian walks. It is
therefore not possible to take a walk in Kenigsberg that crosses each of the seven bridges exactly once!

Question 8.8.3. Why can't we have one vertex of odd degree in a graph?

Answer. The sum of all vertex degrees is twice the number of edges (Section 8.3), and hence an even number.
It follows that in any graph, the number of vertices with odd degree is even.
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